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OUTLINE
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s The h1st0ry of hlgh n and recombmatlon
» Qur tools: RecSparse
High-n and Recombination histories
Quadrupole transitions
Quadrupole transitions and Recombination histories
Results: Recombination histories, effects on CMB

Ongoing work
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EQUILIBRIUM ASSUMPTIONS

Rt i e s 4 - i, : o v > o h
el o &0 A PR o R R B A PR R A . 2 : ek N S VB " o' : b e :
‘\«w \‘t“v""‘""‘ 0 WS TGO | i+ B rol il 1A t“‘!-b » " AL 0 RORL e e “'j.’?’;i" ~Fphedoded »,_.._:_ AN A O e > A
- f - Y e . ‘a~ o s

i » Radiative eq. between different n-states

Ny = Ny (Bn =B/

e Radiative/collisional eq. between different |

T
an:Nn 9

e Matter in eq. with radiation due to Thompson scattering

| : I
T =T, since =3~ < H(T)

€
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BREAKING THE NAIVE MODEL

SUTTN  fmtay 0 o8 Sy
e ,\ %

: - ..‘,A T

» Radiation field 1s cool Belrtzmaﬂn—eq—ei‘—l%gher—n
~+ Seager/Sasselov/Scott (2000)  7max = 300  RecFAST!!!

> Egqutltbrram between [ states
- Treated by Chluba et al. (2005) for nmax = 100

» Radiation and matter field fall out of eq.

8T, Vi
it (TM 52 T'y)

T +2HT,, =
e 3MmecC (1 1= fHe e 376)
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BREAKING THE NAIVE MODEL

e ¥
(s e Ry
o t i .‘“,"; 1A .r.‘-'b‘.z

. * Radiation field is cool BG—I—t—Z—H&-aﬂﬁ—%q—Gf—h-l-gh%I‘—H
-~ » Treated by Seager et al. (2000) nmax = 300 RecFAST!!

s Egqutltbriam between [ states

* Treated by Chluba et al. (2005) for nmax = 100

s Beyond this, testing convergence with 1, 1s hard!

teompute ~ O (weeks)

How to proceed if we want 0.1% accuracy in z.(z)?

5
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THE EFFECT OF RESOLVING
1- SUBSTATES

.‘ G b o o ‘& z':'&‘w \
WL AN AR N Cp 3, LA S - L't o™
- s Vol gy il f wALGREC™ AR e T [ 70 e R »

800 1000 1200 1400 1600
4

s Putting free-electrons in ‘bottlenecked’ I-substates
slows down the decay to 1s: Recombination 1s slower;
Chluba, Rubino-Martin, Sunyaev 2006

6
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BREAKING THE NAIVE MODEL

e ¥
(s e Ry
o t i .‘“,"; 1A .r.‘-'b‘.z

. * Radiation field is cool BG—I—t—Z—H&-aﬂﬁ—%q—Gf—h-l-gh%I‘—H
- » Treated by Seager et al. (2000) nmax = 300 RecFAST!!!

s Eg: between [ states: di@on bottleneck: Al = +1
» Treated by (Chluba et al. (2005) for nmax = 100

s Beyond this, testing convergence with 1, 1s hard!
teompute ~ O (weeks)
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THE MULTI-LEVEL ATOM (MLA)

B v .
vf"“r— 4 5 e s WA ' X Wy’ < y 1D - o - : o
o 7 v o X TR TR T e "’"»’,‘,\ A e O MR P . vy . S P LA 2ot P v i 2
7 Al T v o W LR .'u-fm'e’.,:%zi ”.8.-:.‘*1-;};19_.-.; o Sl RO R e «j:"z.-{‘/ 3‘," Podid ot il AN [APSRTORD, (IO L R e
: . v o s . 7

| » Bound-free rate equation
.3 = [ dEePy (T, Be)npzety (1 + f(Be — En)] ani(Ee)
o dee g EE = En) Lnl f(Ee . Enl)@nl(EE)/gnl

._'. » Bound-bound rate equation

/ /
?3 T Zn’,l’:l:l (A%n/ (1 ol fnn’)xn’,l’ ggn?;i/ fnn’xnl)PrrlLln/
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THE MULTI-LEVEL ATOM (MLA)

PR D T e Nt e Rt e el BN aglat o s, A .
- % T i At MR TR R T ISR L S AR Y IO T Rl T S e we SO RS <al hae' A 3 4 : ,
W S b M R o "'M-"“z‘ J--&Q-I}-L”.u - E SN TR o & ."“j..d\;'i" "*’.;,"..' A b i G AT N A0 N A e &;; R T, LHPC™ ARG H" . v
X e d : " - )

. » Bound-free rate equation O 0.5

[dE.Py (T, E )n%anl@e)

nl_ Hxxp[ _|_f( n)]
- dee g EE = En) B f(Ee £ Enl)@nl(EE)/gnl

._'. » Bound-bound rate equation

/ Y /
?3 T Zn’,l’:l:l (A%n/ (1 ol fnn’)xn’,l’ ggn?;i/ fnn’xnl)PrrlLln/
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THE MULTI-LEVEL ATOM (MLA)

a A ..
e Al LB . T = Vs MEARL 5 gt o :
o~ ’ v B¢ ® SR TR e 'o"»’.‘,\ AR S e A L L . A - o al ah "y 2y . v i )
; A NS W LR T B G .J.&*'?},L“... PO SR T o & '."“,*:,.J;'K‘/“*'.;T‘.' D o oA B T B Py A ANT S T -
. 5 - : LW L { .

| » Bound-free rate equation
.3 = [ dEePy (T, Be)npzety (1 + f(Be — En)] ani(Ee)
o dee g EE = En) Lnl f(Ee . Enl)@nl(EE)/gnl

._'. » Bound-bound rate equation

/ /
?3 T Zn’,l’:l:l (A%n/ (1 ol fnn’)xn’,l’ ggn?;i/ fnn’xnl)PrrlLln/

s Phase-space density blueward of line

» Escape probability of ~ in line

8
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THE MULTI-LEVEL ATOM (MLA)

Stimulated emission/absorption

P N ay . S R e A g Wrrves <MEAd ) g o
)y v Yoo 2R \-"“ AT e SO A < _“,A‘,-z;; ‘”’L L " - i el o s 4y Y- T \
- A Ao the WS T har iR L BN B T e B ;.‘/-L..u PR R T o S “'j.?‘\:{"/'“-;" PR vah o Falit w W AT ;

. » Bound-free rate equation

nl _de PM(TmaE )nHCC T
—deegEE—En)

' » Bound-bound rate equation

bb
Ll = Zn’,l’zl:zl
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THE MULTI-LEVEL ATOM (MLA)
Spontaneous Emission

@ . : e Bty A ] e se gl .
W ARREA I e S Ao Sow R i e Tttt MEL SF b e e ey e
RS BN W LR e B A IR RN C T NS e o e B N V2 4 .

. » Bound-free rate equation

nl_

_dee g EE = En) Lyl f(Ee E Enl)anl(EE)/gnl

._'. » Bound-bound rate equatio

/ ~ /
?3 T Zn’,l’:l:l (A%n/ (1 ol fnn’)xn’,l’ ggn?;i/ fnn’xnl)PrrlLln/
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THE MULTI-LEVEL ATOM (MLA)

vf\'»“.}— oa ) _:,‘.;‘- e ¥ S Y :.'. ";:/ A A . 211“ ' - -‘,. :';‘ 1 T by’ aa - . 1 z .
N ARl BENE R T Sl AR TR I BT ANERAY & A U @ RH e S0 et o S NS S L el o P o TR AP ' :
A 2 iha B RN S A T @ RH - b2, v b e < S TR W D ¢ b TRV STy A SR M IR AN R L e ey
; ‘ v T

® Two photon transitions between n=1 and n=2 are included:

. : —FEos_,15/T
L2s—15,2y — —L1s—25,2y — A2s(_$28 Hedl Y et il W)

» Net recombination rate:
e 1 SNonl: T K jje — _'jjls G- _Zbls—>23

_I_z:n,l>1814 {gnlf 141s — (1 - ';Ll_l)xnl}
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BOUND-BOUND RATE COEFFICIENTS

o o IR B B L e e e W AL &t i :
T S Y R e P R VL LT Y e Ny i g ¥ ke e : L ooty
Ta b FT ORI O b A W LR s - e B Al ,_J%q,h“lw 3 N A B e v S e : oo S : 4
A - whe L e RIS RY A 1P v ot S - Sl ek e ] (LA S TR NN T Y W, L L LT ' e, A ’ ‘ : Faia
" - ; : .-.d~ LIS P MG ‘\‘. Vs B A2 L i AT A \&;‘ O™ AR Ly 7 LW EZ . el v S

s Bound-bound rates given by Fermi’s golden rule and matrix element

00 T
P(n’l/,nl) == A ”U,n/l/(T‘)’U,nl(r)r3dr & C X [F271 (_n 2 l ot 1’ _n/ e l,2l, nmn 2)

(n —n’)

e —4nn/ :
% ( /) Fg’l —n—I—l—l,—n’—l—l,Ql, 5
n+n (n—n')

s Power-series destabilizes at high-n, recursion relation used

» Rates are calculated, tabulated, and stored

Thursday, July 9, 2009



BB RATE COEFFICIENTS:
VERIFICATION

B o S ipRe i el x O A e
R R T it T N PN SRS G “54, el S e I, Syt
g oy *m i, &% " - ;""L : SR A K ot ;’ TS o My i B ¢ SR Sl AR b tu ety LS el S

T

» WKB estimate of matrix elements p(n'l’,nl) = agn? / dre™'™ (1 + cosn)

= A

St
Fourier transform of classical orbat! r = rmax (1 + cosn) /2
Application of correspondence e
principle!

2
Uz

pdipole(n’ l, TL/, l/) >3

€

S

{Jsl(se) SR Js(se)}

I(1+1) ) e
» Radial matrix elements checked against WKB (10%), published rates of |
Brocklehurst (1971), Green, Rush, and Chandler (1967) (agreement to

their published 4 digits)
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BOUND-FREE RATES

v R e Y o .,',f,, e , E
T S At W T i s e L ‘ el B2 e S LY L el
W iraa a‘% v‘ WO ;: oot 20 P2 .“‘j-xi L0 SN R\- Pl N » W\ & e (q‘ AR l’}";., T 4")‘5--.f

» Using continuum wave functlons bound free rates are obtamed (Burgess 1957)

» Bound-free matrix elements satisfy a convenient recursion relation:

pln, 1, 1) = (2 T (1 + 262)(20)' "G, L w,m) K% = K. /Ryd
G(n,l —2,k,1 — 1) = |4n? —4l2 +1(21 — 1)(1 + n?k?)| G(n,l — 1, %,1)

—4n?(n? = 1?) [1+ (1 + 1)?k%]| G(n, 1, k, 1 + 1)
For each n, dipole BF rates tabulated for 550 values of K 1n 11 logarithmic bins
from n°k? = 1071% — 4.96 x 10°

Matrix elements compared with Burgess 1965 (5 digits) and with WKB
approximation (5%):  p(n, 1,1+ 1) > —=—— { Ky 3(ul®/3) + K1 /3(ul®/3)}
U= %(/@2 - #)
At each temperature, thermal recombination/ionization rates obtained using 11-
point Newton-Cotes formula, agreement with Burgess to 4 published digits

12
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RADIATION FIELD: BLACK BODY+

L ASBYS i 2 ae . ” . [ e
R A A T s N ) s ot RSt A i * e ; L sty
el &« &N A Sehe Mg TR R AN TS o Sy 4 'Y., 7 . 22 P 7' | . o Ny .
‘\«w \n'lvzwt-..u. 0 WS TGO | i+ B rol il “ t t;} { S0 RORL e "“'j.’?’;i'f ‘.-.‘ Fuded »,_.._:_ ’ .\1"“ X ,‘,_-..‘ L T > A
. L) N . ‘a~ o s

» Escape probablhty treated 1n Sobolev approx.
1 —e 7

Ts

R(v,v") = ¢(v)o(v')

T
Pa AR

AT S

- » Excess line photons injected into radiation field

— A% P [ (14 ) = Saat gt

nn’+ nn' I/ Ly
n/

» Photons are conserved outside of line regions

10 [1=(n+1)"72 :
jﬁqﬂ'_' ni?ﬂ 1 — n—2 (1%_Z)__1

I3
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RADIATION FIELD: BLACK BODY+

oYY N [ fma 9o
TN o) %

IO N > o ' - e o o ad .
s v YPGB (FSA N - WOV~ Ad o' Sow NS “ANe  p * G Ot b o ol Mo : . . :
e L IS RN S ae A St M R S L L » ¥ L ZI AR L A YD Q_,b“ » 3 T » i e g f o . o Ny : i
A i - e g v L TR g v i . O b s g L Wl (AR SE TN Gy, BT, A P Wy O TN ATy ., : N . -~
gy T R : O ST s T W AT R T A G AR e ot L e Wy

. » Escape probability treated in Sobolev approx.
, 1 ¥ 6_7_8 CSnH :
Pl,l S S
n,n 5 . 87THV§L”/

1’
A

s Ali-Haimoud, Hirata, and Forbes are solving FP eqn. to
obtain evolution of f(v) more generally, including
atomic recoil/diffusion, 2+ decay and full time-
dependence of problem, coherent and incoherent
scattering, overlap of higher-order Lyman lines

14
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

v uwp-\:'.; "; ‘ r‘.':.;‘?;"' K " ‘ : v x ,
- 0 A ¥ e heathe WEZ .s.m M @ _8 :ﬁth‘i e ‘Ol Kji»z{ !\J“ ) .*\ 5 ""w

ER .‘v—\'--(ﬁof

. » Evolution equations may be re-written in matrix form

dzx
df—Rx—ks
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

- N 14 : " .o
P o - : A
P ARSI e N A o S
’ T pa o0 W oA+ -.",M,"“"‘i% t 4.4 : P‘
b - lE o “' o A e 18 ,v.\ ('-.)l. JAR Ve it
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

- "’d'-,'— P ':,";V' e . : 2 Jrvy , .
e Ty A/ Ao Ve “'m M % “ ~3oi';-‘l-£ ; deo ,-xi ‘\' . AT %&) SN L o (-»7‘0 ” < "

i » Evolution equations may be re-written in matrix form

For state 1, includes BB transitions out of 1 to all other 17,
photo-10nization, 2+ transitions to ground state '
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

LB w M o ey
- " A 28 e the WE 7 NS ‘
. ' .«.m M % .J J.Q,}; ; O ‘*j..z* t\-_ AT L &?. GLNS. L o v(«-'ﬂo‘

. » Evolution equations may be re-written in matrix form

dzx

dt—R$+s

For state 1, includes BB transitions into | from all other 1’.
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

LB w M o ey
- " A 28 e the WE 7 NS ‘
. ' .«.m M % .J J.Q,}; ; O ‘*j..z* t\-_ AT L &?. GLNS. L o v(«-'ﬂo‘

. » Evolution equations may be re-written in matrix form

17
df—Rx—ks

® Includes recombination to I,
1 and 27 transitions from ground state

|5
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STEADY-STATE APPROXIMATION
FOR EXCITED STATES

LB w M o ey
- " A 28 e the WE 7 NS ‘
. ' .«.m M % .J J.Q,}; ; O ‘*j..z* t\-_ AT L &?. GLNS. L o v(«-'ﬂo‘

. » Evolution equations may be re-written in matrix form

dzx
df—Rw—ks

For Il>1 brec ol Tae et i 5, SRR e
G o (e.g. Lyman-«)

|5
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RAPID MATRIX INVERSION:
SPARSITY TO THE RESCUE

1 s
t‘.u, & m% & L "
>

DR VDN R PRI e L P Rl T AL . TR PR ¢ R Rl 3
g o B S * B s A v, Sow Whgs 1 AN e ch ot - AL, 8 . S R 2y -0y
LT -_\JW-R-'-!:Jm-w-:-HI e s ~ 2y B AL B *@-i"r-h;ﬁ;‘@d PR T T R "7’.%‘\“*' 'r';::_’-'. R e L ATRY )

P
X Nmax

(143 Ol AW el L 5 » '! . = . .
o WA R O A AR ™ AR bty

. » Matrix is &~ n2_

: » Brute force would require n® =~ 1000 s for n,c = 200
for a single time step

. ® Sparsity to the rescue Al = +1

M1 X1+ M X+ M4 X4 = S

SR — — 0 — l/—l
Ul =X [Sl o M1,1_|_1Ul A= Zl’:l—lal,l’sl’ (—1) }

Tt { My, | if1=0 i eVl b g
(Mit1,041 — Mgy oaMy 1) © if1>0 O =t gy NI e
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SOME COMPUTATIONAL NOTES

. 1 S - Rt M -
> O RPY R SR 2 AN e S0 Ry A vet;, VRPN s N SR L { to b
o S e $ MHNGOM SRS TN AN O A X VY el 5l vy WF A w3 .o ™, - ye ? " :
Maan il R i W SRR VB SRR S U @ R - SRR TR R R R Ay N N T AP CHGC™ 1 2AR e Ttk L T LR
A N e 5 . ) s e | L o A Y

Ingredients incorporated into user-friendly code (RecSparse) which
outputs x(z) for all times and atomic populations at several chosen
slices.

Collisions neglected for time being
LAPACK libraries used for inversion of submatrices
Simple rk4 ode solver used (inopportune for a stiff set of equations)

Checked on MLA code of Hirata et al. with higher level two-photon
transitions turned off and dense time grid (19548 steps in dlna going

from z=1606 to z=700), agreement to several parts in 10°, with and
without feedback

|17
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IDEVIATIONS FROM BOLTZMANN EQ: HIGH-N

s an Z Abb,down

Bes,! % PO

10% r— ————
24 —_
:823 Nmaz = 12
1022
1021
1020
1019
1018
1017
1016
1015
1014
1013
1012
10“
1010
10°
10°
10°
10°
10°
10*
10°
10?
10!
10°
107!

L

Y Pty by a4

Thursday, July 9, 2009 18



DEVIATIONS FROM BOLTZMANN EQ l-substates

RecSparse results

Nmax — 30

n = 18
O.l ':_|_| rT[rrrr[rrrr Tl
(N — Neq) (in %) 0 E x*zsii;i%zs
e —0.1 Err x z=1417
Bed3 x 2z =1281
-0.3 F 7
-0.4 E|l | 1 1 p 1 ]
0 3] 10 15
1 1
N N) 0.1 -| [T 1] )|<|)|<|x 0.1 ;_|_ T T 11 T ; [T T O.l
(‘N—eqeq(in%) O:x xxixxx O: x§u§xxx§§§§ 0.05 )
01 E " q -01F 7 « = 0 & s x
. 1 —02F |« 3 -0.05 |
_0.2 E_ X —E _0'3 ;_ X ! _; _0.1 X s
_0.3 ol INEREE A I IR A A _0.4 = M BT TR B R A
0 4 6 8 0 5 10 O 1 2 3 4 5
| ] 1
19
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DEVIATIONS FROM BOLTZMANN EQ: l-substates

RecSparse results

(Nl;ivﬂ) (m %)

n

.

8

Nmax — 30

O.l?l T 1 T 1

<X

x X
X X

|
x
X

X
X
X X

19

x z = 1417
x 2z = 1281
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DEVIATIONS FROM BOLTZMANN EQ: l-substates

RecSparse results

n

(Nl;ivﬂ) (m %)

(N — NOQ) (in %)

O.l?l T 1 T 1

<X

X
X

X
X

|
x
X

X X

x z = 1417
x 2z = 1281
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LR Rt e el et 45

DEVIATIONS FROM BOLTZMANN EQ l-substates

RecSparse results  nypax = 30

Chluba/Rubino-Martin/Sunyaev 2006 __ 7=22

4

] X X X X X

X
X
X
X
Lililll

x z = 1417
x 2z = 1281

ximation

X
IIIIIIIIIIIIIIII

IIIIIII|
7%

g Y § 5 10 15 20
3 " l
~ a1l - = _
= 10 F # \ *\ . 6
S C k “ ] _ —
X ifr L . n — 14 n
g K 2 Yoo Yy N T [ T 111 T T3
E 4on A 3 =
* f X X -
T B X % A o 3 x x NX ¥ ¥
' AR ) =
-2 Q‘\ Y @ \ -
10 *L:— o on =10 %*\ 1 v | - % 5 E
B [ IR opn _20 (&,* )‘\' \\ — -
i n =40 AR ) E ] x 3
e ——— -k = o) \\ }‘. —
B o \ \ - — -
L G'——"’nigg %& ﬂ \ i | E
b e 2100 A 1 =
- %*‘ 1 1 I:
-3 ! |
107 02

19
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DEVIATIONS FROM BOLTZMANN EQ l-substates

RecSparse results

Nmax — 30

n = 18
O.l ':_|_| rT[rrrr[rrrr Tl
(N — Neq) (in %) 0 E x*zsii;i%zs
e —0.1 Err x z=1417
Bed3 x 2z =1281
-0.3 F 7
-0.4 E|l | 1 1 p 1 ]
0 3] 10 15
1 1
N N) 0.1 -| [T 1] )|<|)|<|x 0.1 ;_|_ T T 11 T ; [ 1 T O,l
(‘N—eqeq(in%) O:x xxixxx O: x§u§xxx§§§§ 0.05 )
01 E " q -01F 7 « = 0 & s x
. 1 —02F |« 3 -0.05 |
_0.2 E_ X —E _0'3 ;_ X ! _; _0.1 X s
_0.3 ol INEREE A I IR A A _0.4 = M BT TR B R A
0 4 6 8 0 5 10 O 1 2 3 4 5
| ] 1
20
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DEVIATIONS FROM BOLTZMANN EQ l-substates

RecSparse results

n

(N;[ivﬂ) (m %)

(N — NGQ) (in %)

.

8

Nmax — 30

O.llf_l'l T 1 T 1

<X

X
X

X
X

|
x
X

X
X
X X

20
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0.1
0
-0.1
-0.2

(N;[ivﬂ) (m %)

~03 E
~0.4 E

n

RecSparse results

.

8

DEVIATIONS FROM BOLTZMANN EQ l-substates

Nmax — 30

'=_|_|||||

<X

X
X

X
X

|
x
X

X
X
X X
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DEVIATIONS FROM BOLTZMANN EQ l-substates

RecSparse results

Nmax — 30

n = 18
O.l ':_|_| rT[rrrr[rrrr Tl
(N — Neq) (in %) 0 E x*zsii;i%zs
e —0.1 Err x z=1417
Bed3 x 2z =1281
-0.3 F 7
-0.4 E|l | 1 1 p 1 ]
0 3] 10 15
1 1
N N) 0.1 -| [T 1] )|<|)|<|x 0.1 ;_|_ T T 11 T ; [ 1 T O,l
(‘N—eqeq(in%) O:x xxixxx O: x§u§xxx§§§§ 0.05 )
01 E " q -01F 7 « = 0 & s x
. 1 —02F |« 3 -0.05 |
_0.2 E_ X —E _0'3 ;_ X ! _; _0.1 X s
_0.3 ol INEREE A I IR A A _0.4 = M BT TR B R A
0 4 6 8 0 5 10 O 1 2 3 4 5
| ] 1
20
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DEVIATIONS FROM BOLTZMANN EQ:

-substates

Compare with Rubino-Martin, Chluba, and Sunyaev 2006:

0.05

0.00

-0.05

-0.10

[N(m.l) - N¥(n,0)]/N*(n,1) in %

-0.15

-0.20

0.05

0.00

-0.05

-0.10

[N(m.l) - N*(n,0)]/N*(n,l) in %

-0.15

-0.20

n = 20 (N, = 30)

L T T T T T T T T T T T T T T 1
L . e o ° .
S [ ] [ ] .
5 + + + 4+ 4 () i
I X X X X X K. k. ey

™ + ° o
L % -
[ * t e ]
L+ —
I ]

+
I ° ]
o ]
[ z2=12000 ]
[ e z = 1300 +
N . z = 1400 ¥
111 1 11 1 11 11 11 1 11 11T
o1 2 4 5 6 7 8 9 1011121314 1516 17 18 19
! (ongular momentum quantum number)
n = 10 (N, = 30)
T T T T T T T T T T_]
- ° [ ] ® -
i . . +:
+

i % X * *
ft e e e ceccecceccescecces e e e . ; -------- ‘ ------------------------------------- —
.* -
5 % * + -
L+ * .
L + ° 4
L + + .
[ o ]
n . ]
K ° ]
- ° ]
[ z=12000 ]
i z = 1300 + |
L z = 1400 %
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[N(m.l) = N*(n,0)]/N*(n,l) in %
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DEVIATIONS FROM BOLTZMANN EQZ I-subétates

1.2 —
RecSparse -
output 1
0.8 _—
(n,/n,) I
@+1)/nz |
0.6 -
04|
0.2 B n_ =120, n = 61 _
i I ! ! ! I ! ! ! I ! ! ! I_
0 20 40 60
|
22
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DEVIATIONS FROM BOLTZMANN EQZ

l-substates

RecSparse
output

(ny/n,)
(21+1)/n?

0.4

0.2

0.8

0.6

22
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DEVIATIONS FROM BOLTZMANN EQZ I-subétates

1.2 —
RecSparse -
output 1
0.8 _—
(n,/n,) I
@+1D)/nz |
0.6 -
04|
0.2 B n_ =120, n = 61 _
i I ! ! I ! ! ! I ! ! ! I_
0 20 40 60
|
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WHAT IS THE ORIGIN OF THE 1=2 DIP?

® |=2 depopulates more efficiently than 1=1 for higher (n>2)
. excited states

» We can test 1f this explains the dip at 1=2 by running the code
with Balmer transitions from 1=2 artificially disabled: the
blip should move to I=1

Thursday, July 9, 2009



l-substate populations, Balmer lines on

10 1
1+1 1+1 1+ 1

|d
ol b bre b bt N
(@)
H

24

10
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l-substate populations, Balmer lines off

z = 440
z = 320

z = 205

1+1 1+1
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l-substate populations, Balmer lines off
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l-substate populations, Balmer lines off
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DEVIATIONS FROM SAHA EQUILIBRIUM

0 —_ i
! —— 2 =1552 | i o ]
LOG,o(n,/n,) ~ 10 [ - 02 - n=25
- Z=339 ] LOG,,(n/nguu,) - n =48 A
L _ = 206 N i n — 140 _|
—<0 - 7 ~0.4 - —~
i EREEET EREEEE | : :
10 100 086 Lo R B R R B N B R
n 800 1000 1200 1400

Z

n=1 suppressed due to freeze-out of x.

Remaining levels ‘try’ to remain in Boltzmann eq. with n=2

Super-Boltz effects and two-y transitions (n=1— n=2) yield less suppression for n>1

Problem gets worse at late times (low z) as rates fall
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DEVIATIONS FROM SAHA EQUILIBRIUM

800 1000 1200 1400
Z

n=1 suppressed due to freeze-out of x.
Remaining levels ‘try’ to remain in Boltzmann eq. with n=2
Super-Boltz effects and two-y transitions (n=1— n=2) yield less suppression for n>1

Problem gets worse at late times (low z) as rates fall
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RESULTS: RECOMBINATION HISTORIES

10! = | L L = 109 E T 1 T T 1 T T T |3
B i -1 L _
10° ¢ = —— Tmax = 60 VS Mimax = 40 10-1 =
[ _ —— MNmax = 80 vs MNmax = 60 —~~ 5 — -
_ N - | — —
10-1 =3 3 ——— Nmax = 100 VS npmax = 80 ~ 10 = 3
—~ - — —— Nax = 120 VS Npax = 100 < = -
N — 7
\z) 10_2 E_ _E nmax — ].40 VS /n/max — 120 /\\ 10_3 E__'- -------------------- _§
o = = ——  Tmax = 160 VS Nyax = 140 S - —
— 1 e Nmax = 180 VS Nypax = 160 xm -4
-3 | __ 1074 & =
10 = = Nmax = 200 VS Nyax = 180 < = =
N 7 _5 :_ _;
104 - 107 E =
E E -6 T R |"‘{- DN
10-5 L1 Lo oo o by 10

000 1000 1500

000 1000 1500
Redshift (z)

Redshift (z)

o T (2)falls with increasing nmax = 10 — 200, as expected.

s Rec Rate>downward BB Rate> lonization, upward BB rate

® For nymqr = 100, code computes in only 2 hours
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QUADRAPOLE TRANSITIONS AND
RECOMBINATION

‘?ﬁr ~ -t . 0 vt -
oA %

e "r’:‘*""‘ S SR o g ,Ml.‘ﬁ ‘a;'f’.%l‘,:ﬁ";w ., FoR e R R iy TVl B g RN AT RN o 2™ AR R S P R
¢ » Electric quadrupole (E2) transitions are suppressed but conceivably
not 1irrelevant at the desired level of accuracy:

quad
Am,l:l:2—>n,l

-/1dipcde

m,l+1—n,l

o o

. ® Coupling to ground state will overwhelmingly dominate:

e oo lge
B 3 f
nu’ad LG ;1:(1 ”1> > 1024 if m > 2

n,2—m,0 m?2 n?

» Magnetic dipole rates suppressed by several more orders of
magnitude
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QUADRUPOLE RATES: BASIC FORMALISM

P e B M e e Ay Thatae o STlers Suds £ P e » . L By,
YR T i A o M T R aa s = s P A s A R DT T3 Rl B e s ST R L L el s WP o T T ) :
A v Safpriay :“% 1A PN ;:-L-.w - oot 20 P2 “‘j.,z'k ;'.;v LTS s o KaatlOh gt By PATYET T S bR ,w..f'-v‘ M L ~;“'; oAk e r."‘l' L A eSS ey S
] v - . EreR -2, N AT A

Bas Q | w5 5 2
Agaal hls S 1521, + 1 o <aHC( )Hlb> ( Rnblb>

s Reduced matrix element evaluated using Wigner 3J symbols:

<la||g<2>wb> = (=)t /(2l, + 1) (2lb+1)< ZS 3 éb >

» Radial matrix element evaluated using operator methods

QRZZZZIT = / 744Rnol,la (T)Rnblb (T)dr
0
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QUADRUPLE TRANSITIONS AND
RECOMBINATION

2

: gy &
»‘y,.

& e 2 e PPN Phicic 42 L T O e ap A :
v p~ AN A B P & e L R e G ot ¢ LSRN 4 N : : -
ol & ,O?J«W‘.g,.!-_u*x--.;-.;.\if‘“.s."""‘;,..l.\.-. :.‘{M' ‘“@ 1%/ zé.th‘ » 03 s Rk gy _\': o L -/‘;' ¥ 2kt I M 3 g (59 A -

' : ' c WRRAINIL L N R R R R TR o g W I T DGR DR B L e RS

t> Lyman lines are optically thick, so nd — 1s immediately

followed by 1s — np, so this can be treated as an
effective d — p process with rate A, 4—1sTnd.

Preserves sparsity pattern of rate matrix
D

nd—np

3

Detailed balance yields net rate paued A1 1. <$n g _xnp>

X res gxgp, so net is 3d — 3p. 3p — 2s is fast, and 2s — 1s dominates
recombination rate at early times, so this accelerates recombination.

BOr 0 0 g -2 %xnp,so net is np — nd.nd — 2p is fast, but 2p — 1s is a slow
recombination channel while optically thick. As it overtakes 2s — 1s, '
higher quadrupoles also accelerate recombination.
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QUADRAPOLE RATES: OPERATOR ALGEBRA

o Y A N P A = e ,; o v
¥ Ws? NS ‘- ST obian ' Ty X
SE .«.m M @ .J .x.*';.'f SN T w?j"k !" . ~"->'ct\-‘ L SR A ST S s&;" e (Ju -

3 Radlal Schrodmger equatlon can be factored tor y1eld

d [+ 1 7 1 d i)
ol — 1
[1 l (dr r )] i LA, [ 1 (dr r )]

_inRnl(T) E23 Rn 1_1(7“) A o7 \/n2 cE Z2
—l_Qn l—anl(T) o Rnl(r) L nl

» This algebra can be applied to radial matrix elements:
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QUADRAPOLE RATES: OPERATOR ALGEBRA

v i " Y "o s0e
N s
«‘W Kdo w -...xx.\ix' .a.% ' M &E Q :ﬁ%ki ‘f... 2 ?Z‘ -'"""‘:‘\"’i"}:""";’.'~ AT RS &? A Gg

' 8 Radlal Schrodmger equatlon can be factore& toA Y1eld

d [+ 1 1 d i)
g T, = 1
[ l(dr r )] z lAnl[ —l_l(dr r )]

_inRnl(T) = R, 1_1(7“) e \/n2 s Z2
—l_Qn l—anl(T) 5 Rnl(r) I T nl

" » This algebra can be applied to radial matrix elements:

1 2nn’ /
QRZ/ll—_ll _ A_l {A 2Rnll + 2(1)Rn _ 1} (Q)Rn n' —1 _ nn (1)Rnn

n’ n'—1 n n'—1

Diagonal!

31
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QUADRAPOLE RATES: OPERATOR ALGEBRA

7‘.' ~ '-
‘).«‘

JW"“~A wkn.,a.\t .‘-M t Ma&ﬁ Qi”hi’w '-" ol 3 "f&" " ‘5 & - "‘7"" LRRATET SR &? \M(‘(-’: i?

_ » Radial Schrodinger equatlon can be factored to yleld

d [+ 1 1 d i)
e TQ. =
[ Z(dr r )] z lAnlll%_l<dr r )]

_inRnl(T) = R, 1_1(7“) e \/n2 s 12
—l_Qn l—anl(T) s Rnl(r) 2 ’]’Ll

" » This algebra can be applied to radial matrix elements: ,
[(2043) Ap D RY T = (204+1)(142) Ay 142 P R P42+ 1) A 101 PR+
22l + 1)(BI +5) VR (1<I< ' —1)

(2) n n' —1
Rn n+1_0
/
7 [ N\n—n" —3
/ ,n_|_3(n—n)
n' (nn') )R

2) pn n'+1 __ n—n'o2n’'4+4 (n+n'+1)!
()Rn n’'—1 _( 1) 250 ¥ [(n—n’—2)!(2n’—1)!

Off-diagonal!

}1/2
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QUADRUPOLE RATES: VERIFICATION

s Rates were checked using WKB expressions like dipole rates

» Compared to published numerical rates of Jitrik and Bunge: 4-5

digits of agreement (Dirac vs. non-rel wif), but this would be a
correction to a small correction
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RESULTS: QUADRUPOLE RATES AND

RECOMBINATION

107 E
107°
107*
107° ;
107° =
107" ;
107°
107°
1071
107"

10—12

|

u Nnmax:
= 5,10,20,30
| | | | | | | | | |
500 1000 1500
Z
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WHO CARES?
I SMEARING AND MOVING THE SURFACE OF LAST
SCATTERING (SLSS)

. S Te?, b - T
’\:f’ N PRV A , i ‘a.r.*';}.-ﬁ

i » Photons kin. deeouple when Thompson seatterlng freezes out

g et e o -

et Ieﬂbh2 G

as

e HOQ%QCL—S/Q [1 I Aeq

a
- 924ec =~ 1100 :Decoupling occurs during recombination

C; — 016_27_ s e 00

= ,ndec recC
o / - dnne|n|ora(n)
0

' =n.orc=22x10"1" g

}1/2
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WHO CARES?
1. THE SILK DAMPING TAIL

»* From Wayne Hu’s website

. gy N
TN

O N . \ . E o P L :
.- AT L S T T A AT <. S U DL T *ANNR L # .Y > & ey o e i - : :
g . Lo v TR T ST te 90 3 B N e 4 w2 o : . " . ¢ . =¥ . . g >
W, . .“.-W \‘t“v""‘w‘v- o W2 AN RS EREONE ¥R TN A% 5'4‘!-;: ":ﬂ B o RS e e R \.-.‘ T, J‘”::_ %% %, 49 “

£is)
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II. THE SILK DAMPING TAIL

o From Wayne Hu’s website

2R
‘).«

JW"“** O AR :«‘-M‘twaﬁ Di%h.ﬁ?ﬂ '..‘-'"’
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WHO CARES?
III FINITE THICKNESS OF THE SLSS

M"’&m m.s..a.\n a-m Mn&ﬁ ‘Diﬂgi’“ '." T 2 -9';2& ? e ¢ \‘q.."l, g R AR AT A ONEC™S AR TR - L e

» Additional damping of form
O (10, k)| —| O (no, k)] o ks
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WHO CARES?
V. CMB POLARIZATION

: d AR o v bp ol .
v L e S - S S A otk * AL S A S LR S - .5 - . v i
. 0 W b s o W TG s A AL ',J:?,-Q.;",'LW o = USRS b e IR A 308l S AN I L B AT S !
- ! .

Need to scatter quadrapole to polarize CMB

el [«
@lp (k’) Z/dme T(n)@T,z (kﬂ?) (kn)

Need time to develop a quadrapole

le (]ﬁ?)

k
O (kn) ~ %@l (kn) < ©;(n) if [ > 2, in tight coupling regime
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WHO CARES?
V. CMB POLARIZATION

) 2l N rah . e v . o e !
Rt Rl L T R as AR PR R A NV O 0 AN & | AR e I . L i
AR S R T AT RS T SR e e S R A 0

Isotropy

\

Need to scatter quadrapole to polarize CMB
e feis e
0; (k) = / dnte™ " O 5 (k1) — i (kn)
(kn)

Need time to develop a quadrapole

No Polarization

k
O (kn) ~ %@l (kn) < ©;(n) if [ > 2, in tight coupling regime
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WHO CARES?
V. CMB POLARIZATION

) 2l N rah . e v . o e !
Rt Rl L T R as AR PR R A NV O 0 AN & | AR e I . L i
AR S R T AT RS T SR e e S R A 0

Isotropy

\

Need to scatter quadrapole to polarize CMB
e feis e
0; (k) = / dnte™ " O 5 (k1) — i (kn)
(kn)

Need time to develop a quadrapole

No Polarization

k
O (kn) ~ %@l (kn) < ©;(n) if [ > 2, in tight coupling regime
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TEMPERATURE (s

107 £ Nmax = 100 VS. Xmax = 50 =
5 102 Tunax = 150 V8. Ximax = 100 -
~ = - =
3 10 Nmax = 200 VS. Nmax /A~ 150 =

107° E

10—6 | | | | | | | | | | | | | |

0 1000 2000 3000
]
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EE POLARIZATION () s

10-1!

10-2

104

10-°

n__ =100 vs. n__ =50
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ATOMIC COLLISIONS

il Y *.’ . :
« PR . P S o G R i e T q ' o O . )
- . YRR U i ot WS AR s - a .c 5 AR SRS e ws h“,.-_« R ¥ i & :_ L34 8, 42
» B - v, ,‘ 3

For fixed n, I-changing collisions bring

> . = z =1200,n = 100
different-1 substates closer to statistical o mcolinon eo00000000000]
equilibrium (SE)

o
*@g********

* ¥ ¥ 5
0 i
31 40 50 60 70

Kk ¥ K K K K K ok *

*****

e}

Being closer to SE speeds up rec. by
mitigating high-1 bottleneck (Chluba, Rubino
Martin, Sunyaev 2006)

Theoretical collision rates unknown to

faCtors Of 2! l (angli?ar momentlirsn quantumzr?umber)
e b < agn? — multi-body QM!

® lpass < torbit — Impulse approximation breaks down!

Next we’ll include them to see if we need to
model rates better
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WRAPPING UP

e 400
- . 1 S . Rt M .
v 2PV R SR T A o Sow s e o ST 0 LI & N PR e L S PRI e ' 298 28 v I}
A ) bt WS LR | _g...'M"'_,,‘% 1A ‘é.ﬂ,,;} ‘ » 5w NSRS e v “‘j‘. N/ 7‘." bod 45 i U L R 4

® Start using a more efficient integration

Incorporation of Yacine’s line-overlap formalism 1n
place of Sobolev approximation

Collisions

Effective source term for omitted higher levels- near
Saha eq., should be tractable

Full incorporation into CMBFAST/CAMB and analysis
of errors/degeneracies with cosmo. parameters

41
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