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✴ Are the primordial fluctuations adiabatic?

Outline
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QCD axions, ultralight axions, and isocurvature

Isocurvature and CMB spectral distortions
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with J.Chluba (CITA/JHU) 
arXiv:1304.4596, MNRAS 434, 1619

CMB frequency spectrum distortions from isocurvature modes



ZOOLOGY OF INITIAL CONDITIONS
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All density initial conditions can be expressed in terms of these! 
These conditions are not conserved under fluid evolution 



SACHS WOLFE-EFFECT & POWER SPECTRA
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ISOCURVATURE AND ACOUSTIC WAVE EVOLUTION
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✴ Two independent sol’ns for acoustic wave eq: 

✴ Adiabatic 

!

!

✴ Isocurvature  

!

!

✴ In coherent phase scenario see acoustic peaks (e.g. inflation)



✴ Axion-type isocurvature:	


!

!

✴ Curvaton-type isocurvature: 	



✴ Curvaton dominates after inflation, seeds adiabatic 	



✴ Baryons/CDM produced before    growth complete: 
isocurvature from mismatch

TWO FLAVORS OF CDM ISOCURVATURE
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✴ Sources entropy fluctuation in species that are generated before curvaton dom.	



✴ Instead, have a spectator     (curvaton) that briefly dominates after inflation	



CURVATON MODELS AND ISOCURVATURE
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✴ Hard for an inflationary model to do everything you want	



✴  Curvaton dominates, decays, adiabatic (correlated with isocurvature) results	
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✴ If PQ symmetry broken during/before inflation

Axions carry isocurvature
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Quantum zero-point fluctuations!
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✴ Subdominant species seed isocurvature fluctuations
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✴ Planck 1st-year temperature constraints (Et al et al..., 2013)

✴ WMAP 7-year constraints (Komatsu/Larson et al 2010)

OBSERVATIONAL CONSTRAINTS TO ISOCURVATURE

10✴ Constraints relax if assumptions (scale-invariance, 
single isocurvature mode) relaxed: Bean et al. 2009



COBE BLACKBODY
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3-4 orders of magnitude improvement now possible!!!



PHYSICS FROM ‘DISTORTIONS’
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EXPERIMENTAL HORIZON
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Figure 12. Distortions to the CMB blackbody spectrum compared to the PIXIE instrument noise
in each synthesized frequency channel. The curves show 5� detections of Compton (y) and chemical
potential (µ) distortions. PIXIE measurements of the y distortion determine the temperature of the
intergalactic medium at reionization, while the µ distortion probes early energy release from dark
matter annihilation or Silk damping of primordial density perturbations.

to a chemical potential µ < 10�8 (Fig. 12). Constraints on chemical potential distortions
in the CMB spectrum probe the amplitude of matter fluctuations down to physical scales as
small as 1 kpc (1 solar mass).

4.2 Dark Matter

The chemical potential of the CMB spectrum provides a limit to any early energy release.
Neutralinos are an attractive candidate for dark matter; the annihilation of ��̄ pairs in the
early universe leads to an observable distortion in the CMB. The chemical potential can be
estimated as

µ ⇠ 3⇥ 10�4 f

✓
�v

6⇥ 10�26 cm3 s�1

◆ ⇣ m
�

1 MeV

⌘�1 �
⌦
�

h2
�
2

. (4.2)

where f is the fraction of the total mass energy released to charged particles, h�vi is
the velocity-averaged annihilation cross section, ⌦

�

is the dark matter density, and h =
H

0

/100 km s�1 Mpc�1 is the Hubble constant [40, 41]. The dark matter annihilation rate
varies as the square of the number density. For a fixed ⌦

�

the number density is inversely
proportional to the particle mass. The chemical potential distortion is thus primarily sensi-
tive to lower-mass particles. PIXIE will probe neutralino mass range m

�

<
⇠ 80 keV to provide

a definitive test for light dark matter models [42].
Neutralino models are only one class of potential dark matter candidates. Many super-

symmetric models predict that the lightest stable supersymmetric particle is the gravitino,
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PIXIE (Explorer proposal, $200M)

Figure 2. PIXIE optical signal path. As the dihedral mirrors move, the detectors measure a fringe
pattern proportional to the Fourier transform of the di↵erence spectrum between orthogonal polariza-
tion states from the two input beams (Stokes Q in instrument coordinates). A full-aperture blackbody
calibrator can move to block either input beam, or be stowed to allow both beams to view the same
patch of sky.

Figure 2 shows the instrument concept. Two o↵-axis primary mirrors 550 mm in diam-
eter produce twin beams co-aligned with the spacecraft spin axis. A folding flat and 50 mm
secondary mirror route the beams to the FTS. A set of six transfer mirror pairs, each imaging
the previous mirror to the following one, shuttles the radiation through a series of polarizing
wire grids. Polarizer A transmits vertical polarization and reflects horizontal polarization,
separating each beam into orthogonal polarization states. A second polarizer (B) with wires
oriented 45� relative to grid A mixes the polarization states. A Mirror Transport Mech-
anism (MTM) moves back-to-back dihedral mirrors to inject an optical phase delay. The
phase-delayed beams re-combine (interfere) at Polarizer C. Polarizer D (oriented the same
as A) splits the beams again and routes them to two multi-moded concentrator feed horns.
Each concentrator is square to preserve linear polarization and contains a pair of identical
bolometers, each sensitive to a single linear polarization but mounted at 90� to each other
to measure orthogonal polarization states. To control stray light, all internal surfaces except
the active optical elements are coated with a microwave absorber [14], forming a blackbody

– 4 –

Figure 22. Left panel: The two satellites inside the Ariane-V fairing. The main satellite is on top (the Sun
shields, in stowed position, are not shown). The bottom satellite (displayed in the Ariane-V SYLDA for a
possible launch configuration) provides a set of calibrators for the observatory and the high gain, high data rate
communication system. Right panel: Detail of main satellite, showing a possible layout for the two PRISM
instruments with the locations of the off-axis telescope with a 3.5 x 4.2 m primary, the polarimeter focal plane,
and the spectrometer.

is achieved with the coldest possible mirror temperature. While increased sensitivity is not critical for the de-
tection of dusty galaxies (which is background limited), it is important for the detection of galaxy clusters via
the thermal SZ effect, which is one of the main mission objectives.

10.2.2 Cooling chain
In addition to the cooling of the large telescope of the polarimetric imager to below 10 K, the 50 cm telescope
of the spectrophotometer will be cooled to 2.7 K, and the detectors will operate at sub-Kelvin temperatures.

The cooling chain will rely on a first stage of passive cooling of the payload using a set of deployable
V-grooves, as well as an inner solid cylindrical shield (Fig. 21). The large mirror of the polarimetric imager will
be cooled using a cryogenic chain that will use as a starting point the study of the SPICA 3.2 meter telescope
cooling system, for which a temperature of 5-6K can be achieved. PRISM has a mirror about 30% bigger in
area, but the requirement on the telescope temperature (< 10K) is less stringent (however with an objective
of 4K if possible for optimal sensitivity). The focal planes of both instruments will be cooled to 0.1K using a
cryogenic system adapted from the dilution refrigerator onboard Planck but with continuous helium recycling
for a longer mission duration of 4 years (baseline) or beyond.

10.2.3 Scan strategy
The observing strategy must provide: (1) full sky coverage for both instruments; (2) cross-linked scan paths and
observation of all sky pixels in many orientations for all detectors of the polarimetric imager; (3) fast scanning
of the imager to avoid low-frequency drifts; (4) slow scanning for the spectrophotometer field of view to allow
for few seconds long interferogram scans with negligible depointing; (5) avoiding direct solar radiation on the
payload.

– 35 –

PRISM [50 cm spectrophotometer 
+imager: 4m telescope, 7600 
bolometers, ~30 frequency bands] 
(billions and billions....)



✴ Thomson (y) epoch

✴ Chemical equilibrium epoch

EPOCHS AND EQUILIBRIA
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✴ Comptonization (μ) epoch

Seminal work by Zel’dovich and Sunyaev, revived by Chluba, Khatri, Sunyaev.....



        AND Y-TYPE DISTORTION
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Fig. 7. y-type and µ-type distortions. Difference in intensity from the blackbody spectrum is
shown. The distortions shown correspond approximately to the COBE/FIRAS limits. Both types
of distortions shown have the same energy density and number density of photons. Figure from
Ref. 35.

4.1. y-type distortions from reionization and WHIM

Present observations indicate that the Universe was reionized between redshifts of
6 ! z ! 20,28 when the first stars and galaxies flooded the Universe with ultra-
violet radiation. The ionizing radiation also heated the gas to temperatures well
above the CMB temperature, with the electron temperature in the ionizing regions
Te ∼ 104 K. Late time structure formation shock heated the gas to even higher
temperatures,38 105 ! Te ! 107 K, creating the warm-hot intergalactic medium
(WHIM).39 The optical depth, τ , to the last scattering surface is well constrained
by CMB observations28 to be τ ≈ 0.087± 0.014, assuming ΛCDM cosmology. Thus
if Te ≈ 104 K, we expect y ∼ 10−7. However if a significant fraction of baryons end
up in the WHIM at z ! 3, as expected from recent simulations,39, 40 we expect the
y-distortions from the WHIM to dominate over those from reionization.41 In any
case, these distortions would be easily detected by PIXIE3 and the next genera-
tion CMB experiments like CoRE,4 ACTPol42 and SPTPol43 should also be able to
detect the fluctuations in the y-type distortions from the the WHIM. The rate of
y-type distortion injection with redshift is shown in Fig. 8 for a simple model where
reionization happens between 8 < z < 15 and the density averaged temperature of
free electrons is assumed to be Te = 104 K for z > 3 and Te = 106/(1 + z)3.3 K at

From Khatri 2012



ENERGY INJECTION
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✴ Dark matter annihilation (photons produced directly or through 
cascades)	



✴ Dark matter decay	


✴ Damping of acoustic modes	



✴ Steps in primordial power spectrum	


✴ Bumps in primordial power spectrum	


✴ Features from inflationary particle production	


✴ Running mass inflaton	



✴ Gauge boson production from cosmic strings	


✴ Primordial magnetic field damping Marsh/Silk/Tashiro 2013

Chluba/Erickcek/Ben-Dayan 2012

Tashiro and Vachaspati 2012

Chluba 2009



SILK DAMPING AND DISTORTION FROM ADIABATIC MODES

17

ℓ(
ℓ+

1
)C
ℓ/

(2
π

) 
(µ

K
2
)

ℓ

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

S
ilk

 d
am

p
in

g

C
O

B
E

 7
o

W
M

A
P

 0
.2

o

P
lan

ck
 5

 ’

Spectral
distortions

Un-damped

B
lack

b
o
d
y
 p

h
o
to

sp
h
ere

i+µ-type

y-type

Figure 1. Power which disappears from the anisotropies appears in the monopole as spectral distortions. CMB
damped and undamped power spectra were calculated using analytic approximations [33–36]. Scale range
probed by the CMB anisotropy experiments such as COBE-DMR, WMAP, Planck, SPT and ACT is marked
by the shaded region on the left side of the plot. Spectral distortions probe much smaller scales up to the
blackbody photosphere boundary at ` ⇠ 108.

spectrum. The energy stored in the perturbations (or the sound waves in the primordial radiation
pressure dominated plasma) on the dissipating scales, however, does not disappear but goes into the
monopole spectrum creating y, µ and i-type distortions, see Fig. 1. This e↵ect was estimated initially
by Sunyaev and Zeldovich [2] and later by Daly [43] and Hu, Scott and Silk [44]. Recently, the
energy dissipated in Silk damping and going into the spectral distortions was calculated precisely in
[45], correcting previous calculations and also giving a clear physical interpretation of the e↵ect in
terms of mixing of blackbodies [45, 46] 2. The calculations in [45] showed that photon di↵usion just
mixes blackbodies and the resulting distortion is a y-type distortion which can comptonize into i-type
or µ-type distortion, depending on the redshift. We can write down the (fractional) dissipated energy
(Q ⌘ �E/E�) going into the spectral distortions as [45, 46]

dQ
dt
= �2

d
dt

Z
k2dk
2⇡2 P�i (k)

2
6666664
1X

`=0

(2` + 1)⇥2
`

3
7777775 ⇡ �2

d
dt

Z
k2dk
2⇡2 P�i (k)

h
⇥2

0 + 3⇥2
1

i
, (2.1)

where ⇥`(k) are the spherical harmonic multipole moments of temperature anisotropies of the
CMB, t is proper time and P�i (k) = 4

0.4R⌫+1.5 P⇣ ⇡ 1.45P⇣ , P⇣ = (A⇣2⇡2/k3)(k/k0)ns�1+ 1
2 dns/d ln k(ln k/k0),

the amplitude of comoving curvature perturbation A⇣ is equivalent to �2
R in Wilkinson Microwave

2See [47] for a slightly di↵erent way of calculating µ-type distortions and also [48].

– 3 –

λD≈N1/2λC

N=η/λC

Mode dissipation mixes black bodies -- these distortions begin their life as y 
distortions, the epoch determines the rest

From Khatri 2012

NEARLY  Scale-invariant LCDM cosmology 
µ ⇠ 2⇥ 10�8

y ⇠ 4⇥ 10�9



SUPERPOSITION OF BLACKBODIES
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Rishi Khatri et al.: Mixing of blackbodies
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Fig. 1. Average of blackbodies of temperature T +∆T and T −∆T creates a new spectrum marked
’Average(Y)’ which is different from blackbody spectrum marked with temperature T . The aver-
age spectrum is just the usual y- type distortion with respect to a new blackbody at temperature
T [1 + (∆T/T )2], with the two crossing at x = 3.83. At redshifts z ! 105 the average spectrum
will comptonize to Bose-Einstein spectrum marked µ above. All three spectra, T [1 + (∆T/T )2],
Average(Y), and µ, have the same number density of photons. Average/y-type spectrum and Bose-
Einstein/µ-type spectrum also have the same energy density which is greater than the energy density
in the blackbody spectrum with temperature T [1 + (∆T/T )2] by 1/3 of the initial energy density
excess over that of blackbody with temperature T . We have used linear order formulae to calculate
the y and µ distortions in the figure but used a large value of ∆T/T to make differences between
different curves visible.

We can calculate the final temperature of a blackbody having the same number density of photons
as the initial average Ninitial.

Tfinal =
(

Ninitial
bR

)1/3

≈ T
⎡

⎢

⎢

⎢

⎢

⎢

⎣
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(
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T

)2⎤
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⎥

⎥

⎥

⎥

⎦

. (7)

This is exactly the temperature, Tnew, of the blackbody we got by averaging the intensity in Eq. (4).
Thus all the initial photons go into creating a blackbody with a higher temperature. The entropy
density of this new blackbody is also identical to the initial average entropy density S initial because
number density and entropy density have the same T 3 temperature dependence. The energy density
of the new blackbody is however given by,

Efinal = aRT 4final ≈ aRT
4
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< Einitial. (8)

5

From Khatri 2012

✴ 2/3 of energy goes to driving up plasma temp	



✴ 1/3 of energy goes to distorting spectrum



✴ Galaxy power spectrum	



!

✴ CMB	



!

✴ Lyman-α forest	



!

✴ 21-cm cosmology	



!

✴ Y-distortions [but confusion from reionization!]	



!

!
✴ μ-distortions 

NEW PROBE OF SMALL-SCALE PERTURBATIONS
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1 Mpc�1 ⌧ k ⌧ 50 Mpc�1



✴ COSMOTHERM (Chluba 2013) -- follows 80 moments, all relevant 
reactions	



✴ Analytic CN gauge solutions needed for all isocurvature modes

✴ Energy lost to Silk damping:

HEATING FROM ACOUSTIC MODE DISSIPATION

20



HEATING AND DISTORTION FROM ALTERNATE INITIAL CONDITIONS
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8 Chluba and Grin
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Figure 3. E↵ective heating rate, d(Qac/⇢�)/ dz, for di↵erent pure perturbation modes. We multiplied by (1+z) and set the overall amplitude of the perturbation
power spectrum to unity, i.e. Ai = 1. We also used ni,run = 0 in all cases. For the upper panel, we used spectral index ni = 1 while in the lower we
varied it for the CDM isocurvature modes as labeled. The annotated factors are roughly fcb ' (⌦c/⌦b)2, fc ' (3/8)(⌦c/⌦m)2(keq/k0)2[1 � (4R⌫/15)2]2,
f⌫ ' 25(1 + 3R⌫/5)2/[4(R⌫/R�)2(1 + 4R⌫/15)2] and fd ' 27(1 + 3R⌫/5)2/[4(1 + 6R⌫/5)2]. These illustrate the relative heating e�ciencies for di↵erent
perturbation modes with the same overall amplitude. The results were obtained by direct integration of the perturbation equations using CosmoTherm.

whereP⇤i (k) ⌘ Ai (k/k0)n⇤i �1+ 1
2 ni,run ln(k/k0). We confirmed numerically

that at redshifts z & 104 these approximations work pretty well,
giving ' 10% � 15% precision for the e↵ective heating rate. Here,
" = 2D2 ' const defines a mode dependent heating e�ciency.
This implies that the early SDs produced by the di↵erent modes
considered here are all degenerate with an overall normalization
when comparing AD, NDI and NVI for n⇤i = ni on one hand, with
BI and CI modes for n⇤i = ni � 2 on the other. The di↵erences
derive from how much of the initial perturbations in the di↵erent
fluid variables at small scales actually appear as perturbations in
the photon field.

Comparing the heating e�ciencies, Eq. (21), shows that AD
modes dissipate their energy roughly 16 times more e�ciently than

NDI fluctuations. Similarly, NVI modes have ' 4.7 times higher
heating e�ciency than NDI modes. Furthermore, BI modes source
early SDs at about (⌦c/⌦b)2 ' 24 lower e�ciency than CI modes,
while in comparisons to AD modes CI fluctuations for n⇤i = ni � 2
cause ' 5.6 times larger heating. All these statements are confirmed
by our numerical results (cf. Fig. 3).

Closer to the recombination epoch baryon loading no longer
is negligible and we see a suppression of the heating rate relative to
the high-redshift scaling (cf. Fig. 3). After the recombination epoch
(z . 1000), the e↵ective heating rates drop significantly as photons
begin free streaming. At this late stage, the second-order Doppler
e↵ect starts contributing significantly (Chluba et al. 2012b). For the
baryon and CDM isocurvature modes, the post-recombination heat-

c� 0000 RAS, MNRAS 000, 000–000

Isocurvature in relativistic species yields more energy injection during μ-era

Isocurvature in non-relativistic species less suppressed during matter domination



SILK DAMPING AND DISTORTION FROM ADIABATIC MODES
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24 Chluba, Khatri and Sunyaev
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Figure 14. CMB distortion at high frequencies. The approximations are
explained in Sect. 6.3. For the case without dissipation µ∞ ≃ −2.7 × 10−9

and ye ≃ −6.8 × 10−10. The case nS = 0.96 and nrun = 0 is represented by
µ∞ ≃ 1.4 × 10−8 and ye ≃ 3.8 × 10−9. The balanced injection scenario is
well approximated by a pure y-distortion, µ∞ ≃ 0 and ye ≃ 1.8 × 10−9.

6.4 Numerical estimates for µ, y, and ∆ργ/ργ

Armed with the above formulae we can compute the expected val-
ues for µac, yac, and ∆ργ/ργ

∣

∣

∣

ac caused by the dissipation of acous-
tic modes. For energy release well before recombination we can
use the simple approximations for the effective heating rate dis-
cussed in Sect. 5.1. However, using the same approximations in
the y-era the resulting y-parameter is overestimated by a factor of
≃ 2 − 3 in comparison with the perturbation code. This is because
the breakdown of the tight-coupling approximation and the begin-
ning of free-streaming are not captured correctly by these simple
expressions, which leads to a significantly higher effective heating
rate (see Fig. 10).

In Fig. 15 we show the numerical estimates obtained with our
perturbation code. One can see that the values depend strongly on
both nS and nrun. For all curves we used Aζ = 2.4 × 10−9, however,
the obtained values are directly proportional to this and can easily
be rescaled. The curves for µac shown in Fig. 15 can be represented
using the simple fitting formula

µac ≈ 5.54 × 10−4Aζ exp
(

9.92 γ0 n1.23γ1
S + 47.2 nrun

)

,

γ0 = 1 + 2.91nrun + 23.6n2
run,

γ1 = 1 − 0.2nrun − 17.8n2
run, (63a)

which clearly indicates the strong dependence on nrun. The results
for the effective y-parameter are approximately given by

yac ≈ 2.85 × 10−2Aζ exp
(

4.32 γ0 n1.53γ1
S + 3.51 γ2 nrun

)

,

γ0 = 1 + 4.68nrun + 22.8n2
run,

γ1 = 1 − 1.24nrun − 14.2n2
run,

γ2 = 1 − 7.7nrun, (63b)
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Figure 15.Approximate values for the chemical potential, µac, the Compton
y-parameter, yac, and total energy release, ∆ργ/ργ

∣

∣

∣ac, caused by the dissipa-
tion of acoustic modes in the redshift range 200 ! z ! 4 × 107 for different
values of nS and nrun. All curves are for Aζ = 2.4 × 10−9. The lines are
separated by ∆nrun = 0.01 (alternating solid/dashed). The dash-dotted/blue
line shows the negative chemical potential caused by BE condensation of
photons −µBE = 2.7 × 10−9. Models along that line correspond to balanced
injection scenarios (Sect. 6.2). In the central panel the dash-dotted/red line
indicates the approximate y-parameter yac for those cases.

and the total energy release can be represented with
∆ργ

ργ

∣

∣

∣

∣

∣

∣

ac
≈ 2.78 × 10−1Aζ exp

(

4.54 γ0 n2.5γ1
S + 3.14 γ2 nrun

)

,

γ0 = 1 + 32.9nrun + 792n2
run − 1677n3

run ,

γ1 = 1 − 6.5nrun − 294n2
run + 1173n3

run,

γ2 = 1 + 35.8nrun − 147n2
run − 7025n3

run . (63c)
c⃝ 0000 RAS, MNRAS 000, 000–000

 Nearly scale-invariant LCDM cosmology 

ADIABATIC COOLING
From Chluba 2012

PIXIE



Curvaton

✴ Tested correlated isocurvature with amplitudes allowed by 
Planck CMB local-type non-G constraints

23

✴ All 18 scenarios allowed by Planck limits are ~2 orders of 
magnitude away from PIXIE detectability

Simple curvaton models are not a promising target for SD experiments!
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Figure 5. Limits on the amplitude of the power spectrum at k > 1 Mpc�1 for di↵erent pure perturbations modes and spectral indices. The heavy lines show
constraints for a PIXIE-type experiment with 1� detection limits y = 2⇥10�9 and µ = 10�8. Light lines are present limits from COBE/FIRAS. Mode amplitudes
above the corresponding lines are/will be ruled out by CMB spectral distortion measurements. Assuming one overall power-law perturbation spectrum at small
scales, the limits derived from µ and y are not independent, and their ratio can in principle be used to distinguish AD, NDI and NVI on the one side from
BI and CI, on the other (see the text for discussion). Interpreting the limits independently, y-distortions constrain power at 1 Mpc�1 . k . 50 Mpc�1, while
the limit from µ probes power at 50 Mpc�1 . k . 11000 Mpc�1. Note also that we assumed pivot scale, k0 = 0.002 Mpc�1, to make the spectral distortion
constraint directly comparable with the large-scale CMB constraint; values for k⇤0 , k0 can be obtained by rescaling with (k⇤0/k0)1�n.

the presence of all four isocurvature modes with general correla-
tions (Planck Collaboration et al. 2013c). Even though the curva-
ton model can excite the NDI mode, the overall change in µ and y
over the null (adiabatic) hypothesis is of the order of 10%, and thus
undetectable at the sensitivity level possible with PIXIE. Future ad-
vances may change this dim state of a↵airs. An in-depth discussion
of other correlated models is beyond the scope of this paper.

6 CONCLUSIONS

In the future, spectral distortions of the CMB might provide a pow-
erful new probe of early-universe physics. Here, we studied dis-
tortions produced by the dissipation of small-scale perturbations,
exploring the dependence of the signal on the di↵erent types of
cosmological initial conditions. As one main result, we obtained a
unified formalism for the specific heating rates of the modes, allow-
ing us to describe the e↵ect of pure modes but also mode mixtures
in a quasi-analytic manner (see Sects. 3 and 4). Our expressions can
be used for precise computations of the SD signal using CosmoTh-

c� 0000 RAS, MNRAS 000, 000–000
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Figure 5. Limits on the amplitude of the power spectrum at k > 1 Mpc�1 for di↵erent pure perturbations modes and spectral indices. The heavy lines show
constraints for a PIXIE-type experiment with 1� detection limits y = 2⇥10�9 and µ = 10�8. Light lines are present limits from COBE/FIRAS. Mode amplitudes
above the corresponding lines are/will be ruled out by CMB spectral distortion measurements. Assuming one overall power-law perturbation spectrum at small
scales, the limits derived from µ and y are not independent, and their ratio can in principle be used to distinguish AD, NDI and NVI on the one side from
BI and CI, on the other (see the text for discussion). Interpreting the limits independently, y-distortions constrain power at 1 Mpc�1 . k . 50 Mpc�1, while
the limit from µ probes power at 50 Mpc�1 . k . 11000 Mpc�1. Note also that we assumed pivot scale, k0 = 0.002 Mpc�1, to make the spectral distortion
constraint directly comparable with the large-scale CMB constraint; values for k⇤0 , k0 can be obtained by rescaling with (k⇤0/k0)1�n.

the presence of all four isocurvature modes with general correla-
tions (Planck Collaboration et al. 2013c). Even though the curva-
ton model can excite the NDI mode, the overall change in µ and y
over the null (adiabatic) hypothesis is of the order of 10%, and thus
undetectable at the sensitivity level possible with PIXIE. Future ad-
vances may change this dim state of a↵airs. An in-depth discussion
of other correlated models is beyond the scope of this paper.

6 CONCLUSIONS

In the future, spectral distortions of the CMB might provide a pow-
erful new probe of early-universe physics. Here, we studied dis-
tortions produced by the dissipation of small-scale perturbations,
exploring the dependence of the signal on the di↵erent types of
cosmological initial conditions. As one main result, we obtained a
unified formalism for the specific heating rates of the modes, allow-
ing us to describe the e↵ect of pure modes but also mode mixtures
in a quasi-analytic manner (see Sects. 3 and 4). Our expressions can
be used for precise computations of the SD signal using CosmoTh-
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✴ The CMB is still rich with opportunity, don’t be a 
mode-counting snob! 

✴ WOW! BICEP2! (if confirmed, r=0.16-0.2)

SHAMELESS PANDERING
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DETECTION OF B-MODES BY BICEP2 9
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FIG. 2.— BICEP2 power spectrum results for signal (black points) and temporal-split jackknife (blue points). The red curves show the lensed-⇤CDM theory
expectations — in the case of BB an r = 0.2 spectrum is also shown. The error bars are the standard deviations of the lensed-⇤CDM+noise simulations. The
probability to exceed (PTE) the observed value of a simple �2 statistic is given (as evaluated against the simulations). Note the very different y-axis scales for the
jackknife spectra (other than BB). See the text for additional discussion of the BB spectrum.
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Details of spectrum matter!
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Figure 17. Possible limits on nS and nrun derived from measurements of µ
and y-type distortions with PIXIE. The coloured regions show 1σ through
5σ detection limits. Models in agreement with WMAP7 (Komatsu et al.
2011), ACT (Dunkley et al. 2011) and SPT (Keisler et al. 2011) are indi-
cated. The dashed/black line shows models with balanced energy release
during the µ-era. Above this line the net µ-parameter caused by the dissipa-
tion and BE condensation process is expected to be positive, while below
the line it will be in the range −2.7 × 10−9 ! µ ! 0. Also in the upper
panel the dotted lines indicate how much the 1σ limit from µ would im-
prove with sensitivities increased by the annotated factors. Notice that for
10 times PIXIE sensitivity a lower bound appears, since the negative µ-
distortion from BE condensation of CMB photons becomes observable at
the ≃ 2.7σ level.

sonable ranges of parameters, because the heating by Silk-damping
is normally several times larger than the cooling from BE conden-
sation in the y-era. For the currently proposed sensitivity PIXIE is
slightly more sensitive to the y-distortion from the dissipation pro-
cess than the µ-part. However, as mentioned above, the y-distortion
part has several competing astrophysical processes at low redshifts
that make a separation more difficult. We mention that increasing
the sensitivity by a factor of ten relative to PIXIE could in principle
allow ≃ 5σ detections of the y-distortion caused by the damping of
acoustic waves for all models shown in Fig. 17.

In this work we have only considered the simplest
parametrization of the primordial power spectrum, allowing run-
ning of the spectral index, nS. However, given the large va-
riety of inflationary models (some examples of possible in-
terest are Mukhanov & Chibisov 1981; Silk & Turner 1987;

Salopek et al. 1989; Lehners et al. 2007; Ben-Dayan & Brustein
2010; Barnaby et al. 2012), the energy release in the µ- and y-era
can differ by a large amount. Models with extra power on scales
50 Mpc−1

! k ! 104 Mpc−1, corresponding to the photon diffusion
scale at z ≃ 5 × 104 to z ≃ 2 × 106, will enhance the chemical po-
tential distortion, while suppression of power on these scales leads
to less energy release. Measurements of the CMB spectrum may
therefore allow constraints on inflationary models at scales well be-
low those of the CMB today. The amplitude of the net µ-distortion
is therefore very uncertain and could even be several times larger.
However, a detailed analysis for more exotic inflationary models is
beyond the scope of this paper.

We also mention that to give the source terms for the aver-
age distortion in second order perturbation theory one has to com-
pute ensemble averages. This implies that predictions for the asso-
ciated spectral distortions are in principle limited by cosmic vari-
ance. However, the dissipation of perturbations happens close to the
diffusion length, which at high redshifts is about two orders of mag-
nitude smaller than the horizon, such that cosmic variance on these
scales is negligible. On the other hand, during and after hydrogen
recombination the y-type distortions get contributions from scales
up to the horizon. These contributions will have cosmic variance
similar to the CMB power spectrum on these scales. However y-
type distortions generated after recombination, in particular during
reionization due to thermal SZ and second order Doppler effects,
are expected to be more than an order of magnitude larger, and sep-
arating the contribution of Silk damping would be challenging in
any case. Thus for y-type distortions uncertainties in the low red-
shift contributions by far outweigh cosmic variance.

7 SUMMARY

We have presented, for the first time, a consistent and accurate cal-
culation for the spectral distortions of the CMB arising from the
dissipation of acoustic waves (Silk damping) in the early Universe.
All previous calculations (except for Daly 1991) used the classical
expression for energy density stored by acoustic waves in the radi-
ation part of the primordial plasma, which turns out to omit some
details. Here we derive the evolution equation for the average CMB
spectral distortions including uniform heating of baryonic matter
and accounting for the effect of perturbations in the cosmological
medium. We consistently treat the problem in second order pertur-
bation theory considering second order Compton energy exchange
for the Boltzmann collision term. The final evolution equation has
order 2×2 and is discussed in Sect. 6.

Unlike in first order perturbation theory, the frequency-
dependence of the second order Boltzmann equation cannot be di-
rectly factored out. We show, however, that a separation can be
found using a definition of spectral distortions based on photon
number conservation. With this definition only y-type distortion
terms are present in the second order Boltzmann equation. Thus
multiplying the Boltzmann equation by x2 and integrating over x
makes the distortion vanish. The frequency-dependence of the sur-
viving, pure temperature perturbation factors out (similar to to the
case for the first order Boltzmann equation). After making use of
the equation obtained above to isolate the pure temperature part,
we also obtain an evolution equation for the y-part, in which again
the frequency-dependence factors out. We utilize this procedure to
separate the full 2×2 Boltzmann equation into evolution equations
for pure spectral distortions and second order average temperature.

Our detailed derivation (Appendix C) of the Boltzmann colli-

c⃝ 0000 RAS, MNRAS 000, 000–000
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Small field models
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✴ Small-field inflationary models with non-monotonic                                   

(Ben-Dayan/Brustein 2010) can evade Lyth Bound	
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Phase transitions and spectral distortions

29

phase transitions — density perturbations
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Scaling seeds are self-similar
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FIG. 2. O(N) scalar-field power spectrum in a radiation-
dominated universe (arbitrary normalization). The
power spectrum depends only y = k⌘, and is thus self-
similar. There exists a high y = k⌘t cuto↵ set by the
initial time of the phase transition ⌘t which is not ap-
parent in these plots.

Einstein equations are then
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where the stress-energy tensor here includes contri-
butions from seeds, baryons, photons, neutrinos, and
dark matter. Linearly combining Eqs. (13)-(14) and
applying the anisotropic stress projection operator
k̂ik̂j � 1

3

�ji to Eq. (15), we obtain
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Repeated indices are summed over. We now obtain
the seed potentials in a fixed realization of '(~x, ⌘):

It is helpful to decompose the stress-energy ten-
sor into seed and non-seed components, that is T ⌫

µ =P
i
(i)Tµ

⌫ + Sµ
⌫ , where i denotes baryons, cold dark

matter, neutrinos, or photons. This allows the seed
component of the metric perturbation to be sepa-
rately evaluated, and for the total metric perturba-
tion to then be computed after allowing matter and
radiation components to respond to seed potential
wells. In terms of the seed stress sensor (which is
denoted �Sµ

⌫ as it has no homogeneous background
value), we then have
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From the well-known scalar-field Lagrangian density,
the seed stress tensor is
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Applying Eqs. (5) and (6) to the immediately pre-
ceding, we obtain expressions for the scalar gravita-
tional potentials:
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In the high-N limit, the central limit theorem and
vacuum manifold constraint force the individual field
components to be Gaussian distributed with zero
mean and variance / 1/N (though non-Gaussian
signatures have been computed [73, 74, 77] and used
to search for scaling seeds in Planck data [30]), and
so Eqs. (23) and (24) may be used along with Wick’s
theorem to obtain the dimensionless power spectra
of seed potential fluctuations [2, 17, 21]:

5

✴Maximal (and conserved)  power on the horizon! 
✴Even as horizon evolves



Write CMB-verySLOW
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✴Mathematica notebook solving tight-coupling equations 
✴Fluid equations 
✴Einstein equations 
✴First 10 moments of Neutrino Boltzmann hierarchy 
✴Heating rate for acoustic mode dissipation and 
distortions

✴Tensors/vectors appear to be relevant only for y distortion



Seeds drive baryon-photon plasma sound waves
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FIG. 5. The evolution of the radiation density pertur-
bations u� = �� � 4 for k = 102 Mpc�1. The dashed
line on the left corresponds to horizon entry. Outside
the horizon k⌘ ⌧ 1, |u�(k, ⌘)|2 / ⌘3. This also implies
that the dimensionless power spectrum⇠ k3|u�(k, ⌘)|2 /
(k⌘)3, corresponding to a scaling, white noise spectrum
on superhorizon scales. For k⌘ & 1, we see the char-
acteristic acoustic oscillations. For subhorizon scales,
 ⌧ �� even with seed potentials, hence u� ⇡ �� . Fi-
nally whexn the di↵usion wavenumber kD(⌘) < k, di↵u-
sion takes away the acoustic energy of the mode. The
dashed line on the right denotes kD(⌘) = k.

where ek are random variables with heke⇤
qi = �(k�

q), This is known as the ‘coherent approximation’
[2].

The two power spectra are shown in Fig. 3 and
Fig. 4. Since we are interesting in calculating spec-
tral distortions generated by the seeds, we will set
the perturbations in all the components (except the
seeds) to be zero initially. Given the linearity of the
equations, the solutions we will get will automati-
cally be fi(k, r) =

p
2⇡2�2

i (k, r)/k3 ek for the com-
ponent of interest. Here, one should think of y as
a time variable. There can be k dependence in the
solutions (apart from the k�3/2) because damping
breaks the scaling nature of the solutions in spite of
the scaling behavior of the seed potentials.

We solve our system numerically including modes
up to l = 6 in the neutrino hierarchy (we verified
numerical convergence at the 10�4 level going from
l = 2 to l = 6 in the neutrino hierarchy). We use the
current best fit cosmology from Planck temperature
data (Table 2, last column in Ref. [83]). The evolu-
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FIG. 6. The dimensionless power spectrum �2
u� (r =

k⌘) evaluated at the beginning and end of the µ era.
Explicity the top curve corresponds to �2

u� (k⌘f ) and

the bottom curve corresponds to �2
u� (k⌘i) where ⌘i and

⌘f = 9.1Mpc/c correspond to the conformal times at the
beginning and end of the µ era. The spectral distortions
may be estimated by integrating the di↵erence of the two
spectra (with a logarithmic measure).

tion of u�(k, r) for k = 102 Mpc�1 is shown in Fig.
III C. The vertical dashed lines indicate horizon en-
try and time when the mode starts getting damped
significantly respectively.

On super-horizon scales u� / ⌘3/2 whereas on
sub-horizon scales, we see the characteristic acous-
tic oscillations as well as exponential damping. In
general, acoustic oscillations maintain a fixed am-
plitude, set essentially by the amplitude at horizon
entry, until damping takes over. This is the charac-
teristic behavior of acoustic modes, with and with-
out seed potentials.

To understand this note that on subhorizon scales,
u� = �� � 4 ⇡ �� . This approximation is valid
because gravitational potentials will be suppressed
compared to the density perturbations in the domi-
nant component by factors of (k⌘)�2 because of Pois-
son’s equation. Hence the solution deep inside the
horizon is almost independent of the potential (in-
cluding the seed potentials), and we are simply see-
ing the usual acoustic and damping behavior.

To calculate the SD amplitude, we will need po-
tential power spectra at the beginning and end of
the µ era. These are calculated by solving for
u�(k, r) at a number of di↵erent k’s and evaluat-

10

with Mustafa Amin, 
KICC Cambridge
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A cosmological search for  
ultra-light axions 

with D. J.E. Marsh, R. Hlozek and P. Ferreira

arXiv:1303.3008, Phys. Rev. D 87, 121701(R) (2013)	


(with MCMC results and methods paper forthcoming)

arXiv: 1403.4216
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Axions solve the strong CP problem
! Strong interaction violates CP through    -vacuum 
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! Limits on the neutron electric dipole moment are strong. Fine tuning?
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! New field (axion) and U(1) symmetry dynamically drive net CP-violating term to 
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! Through coupling to pions, axions pick up a mass
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2 axion populations: Cold axions

! Before PQ symmetry breaking,     is generically displaced from vacuum value

! EOM:

! After                               , coherent  oscillations begin, leading to

! Relic abundance

! Particles are cold

�̈ + 3H� + m2
a (T ) � = 0 ma (T ) � 0.1ma (T = 0) (�QCD/T )3.7

ma (T ) � 3H (T ) na � a�3

�

�ah
2 ⇥ 0.13� g (�0)

�
ma/10�5eV

⇥�1.18

35

Text

Prior to m ⇠ 3H



Lay of the land
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Figure 2: Axion and ALP coupling to photons vs. its mass (adapted from Refs. [2, 3,
26, 27]). Colored regions are: generic prediction for the QCD axion, exploiting Eqs. (7)
and (9), which relate its mass with its coupling to photons (yellow), experimentally ex-
cluded regions (dark green), constraints from astronomical observations (gray) or from
astrophysical or cosmological arguments (blue), and sensitivity of planned experiments
(light green). Shown in red are boundaries where axions and ALPs can account for all the
cold dark matter produced either thermally or non-thermally by the vacuum-realignment
mechanism.

2.3. Hotspots in axion and other WISPs parameter space from theory

The masses and couplings of axions and other WISPs to light standard
model particles appearing in the low energy effective Lagrangians (6), (10),
and (11) can only be predicted in terms of more fundamental parameters if
an ultraviolet completion of the low energy theory is specified. The most
satisfactory ultraviolet completions are arguably the ones which are moti-
vated by other issues in particles physics, such as for example the unification
of fundamental forces, with string theory being perhaps the most ambitious
project.

9



✴ Perturbations obey 

✴ Structure suppressed when  

✴ Scales are very small for QCD axion 

!

A new scale for perturbed scalars

37
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What about lighter axions?



✴ String theory has extra dimensions: compactify (6)! 

✴ Form fields and gauge fields: `Axion’ is KK zero-

mode of form field

Light axions and string theory

38
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✴ Calabi-Yau manifolds

Axiverse! (Arvanitaki et al. 2009)
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Many axionsMany 2-cycles

✴ Mass from non-perturbative physics 
(instantons, D-branes)

Hundreds!

m2
a =

µ4

f2
a

e�S fa / Mpl

S

Many decades in mass covered!



✴ Birefringence (Faraday rotation), model dependent: 

!

✴ Decrement in matter power spectrum for

Axiverse! (Phenomena)

40

like hidden sectors with low confinement scales. This both opens up interesting phenomenology
associated to the presence of this “dark world” and raises the question of how it managed to escape
being observed so far. We will touch on some of the issues involved in the concluding Section 3.
For now we focus upon the observational signatures of the light axions that we have argued are
generic to string theory once the strong CP problem is solved.

2 Cohomologies from Cosmology

CMB 
Polarization

10-33 4 ! 10-28

Axion Mass in eV

108

Inflated 
Away

Decays

3 ! 10-10

QCD axion
2 ! 10-20

3 ! 10-18

Anthropically Constrained
Matter

Power Spectrum
Black Hole Super-radiance

Figure 1: Map of the Axiverse: The signatures of axions as a function of their mass, assuming
f

a

⇡ M
GUT

and H
inf

⇠ 108 eV. We also show the regions for which the axion initial angles are
anthropically constrained not to over-close the Universe, and axions diluted away by inflation.
For the same value of f

a

we give the QCD axion mass. The beginning of the anthropic mass
region (2 ⇥ 10�20 eV) as well as that of the region probed by density perturbations (4 ⇥ 10�28

eV) are blurred as they depend on the details of the axion cosmological evolution (see Section
2.3). 3 ⇥ 10�18 eV is the ultimate reach of density perturbation measurements with 21 cm line
observations. The lower reach from black hole super-radiance is also blurred as it depends on
the details of the axion instability evolution (see Section 2.5). The region marked as “Decays”,
outlines very roughly the mass range within which we expect bounds or signatures from axions
decaying to photons, if they couple to ~E · ~B. We will discuss axion decays in detail in a companion
paper.

2.1 Discovering the String Axiverse

We now turn to the observational consequences of axions lighter than or around the QCD axion
mass. For simplicity, we keep f

a

fixed at M
GUT

and H
infl

⇠ 0.1 GeV. The initial displacement of
axions heavier than ⇠ 10�20 eV has to be tuned in order for them not to overclose the universe and
axions heavier than 0.1 GeV have been diluted away by inflation. The observational consequences
of the string axiverse are outlined in Figure 1.

We concentrate on three main windows to the axiverse. First, as discussed in Section 2.2
axions of masses between 10�33 eV and 4⇥ 10�28 eV, if they couple to ~E · ~B, cause a rotation in

8

L / a ~E · ~B
fa

m=H0

k � kJ ⇠
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mH



c2a =
�P

�⇢
=

k2/(4m2a2)

1 + k2/(4m2a2

✴ Computing observables is expensive for              : 
✴ Coherent oscillation time scale 

✴ Ansatz

Effective fluid approximation

41

�� = Ac�c(k, ⌘) cos (m⌘) +As�(k, ⌘) sin (m⌘)

m � H0

�⌘ ⇠ (ma)�1 ⌧ �⌘CAMB



✴ If PQ symmetry broken during/before inflation

Axions carry isocurvature

42

p
ha2i = HI

2⇡
Quantum zero-point fluctuations!
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✴ Subdominant species seed isocurvature fluctuations

Sa� =
�na

na
� �n�

n�
=

�⇢a
⇢a

� 3

4

�⇢�
⇢�

⇠ 10�5



Matter power spectrum
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FIG. 1 (color online). Adiabatic matter power spectra, with
varying axion mass ma ¼ 10"28, 10"26, 10"25, 10"23 eV at
fixed density fraction !a=!d ¼ 0:5 (dashed) and varying
!a=!d ¼ 0:1, 0.5, 1 at fixed ma ¼ 10"25 eV (solid). Spectra
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Moving cutoffEquality shifts

We may now probe ultra-light axions and the axiverse 
with an MCMC covering 15 orders of magnitude in 

axion mass



CMB anisotropy power spectra

44

Power spectra may now be quickly computed for 15 
orders of magnitude in axion mass!
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FIG. 3: CMB axion isocurvature power spectrum, with adi-
abatic ⇤CDM for scale (black dashed). We demonstrate the
normalisation di↵erence between ↵CDM (grey dot-dash) and
↵a (solid), with ⌦a/⌦d = 0.01 implying a normalisation dif-
ference of (0.01)2 = 10�4. We also show small-scale power
suppression by the lightest axions. The axion masses are
ma = 10�32, 10�29, 10�28, 10�20eV.

versa, thus providing a non-trivial cross-check on the in-
flationary origin of these modes, and thus on HI . Given
that there are sources of observable tensor modes possible
even with low-scale inflation [25] these regions provide a
novel and truly unambiguous way to measure the energy
scale of inflation using the concordance of {↵, r, ⌦a}. Fur-
thermore, an accompanying isocurvature signal would be
strong supporting evidence necessary to infer the axionic
origin of any detected suppression of small scale power.
We will present constraints in a forthcoming paper [23].
Stepping beyond the axiverse paradigm, an isocurvature
detection would be evidence that the additional degree of
freedom responsible for structure suppression is already
present and massless during inflation.

So far we have assumed that constraints to ↵
CDM

will
map over to constraints to ↵a. For adiabatic fluctuations,
the e↵ect of subdominant axions on the CMB observ-
ables is very small. For isocurvature fluctuations, how-
ever, the radically di↵erent super-horizon solutions [23]
of axion isocurvature lead to sharply di↵erent behavior
from the more familiar pure CDM isocurvature. This
mode, as well as the more general suppression of small-
scale structure in ULA models, is carefully implemented
using a modified version of camb [26] and is described in
Ref. [23]. In this case, all other species fall into the grav-
itational potential wells set up by axions, and so axions
drive the behavior of the observables, leading to far more
dramatic e↵ects. We show example spectra in Fig. 3.

Fig. 3 demonstrates that in the isocurvature mode,
CMB power is suppressed on small scales (large `), with

the scale of power suppression becoming larger as the
axion mass decreases, just as in P (k) (c.f. Fig. 1). As
the axion mass increases the axion isocurvature spectra
asymptote to CDM-like behaviour.

The suppression of power will be important for ULAs
in altering the isocurvature constraints. Since the isocur-
vature power spectrum falls o↵ rapidly at large `, most
constraining power on isocurvature comes from the ad-
dition of power along the low-` plateau before the first
peak at ` ⇠ 200. When the isocurvature power is sup-
pressed along this plateau the isocurvature spectrum re-
mains significant only at lower and lower `. Therefore
we should expect that not only will allowed values of
↵a be di↵erent from ↵

CDM

due to normalisation, but
also due to the power suppressing properties of ULAs.
The e↵ect of this is estimated from the reduced num-
ber of modes available to measure isocurvature fraction
and is shown in Fig. 2. Isocurvature becomes harder to
measure and further constrains the observable region for
{↵, r} at the lowest masses, ma . 10�28 eV. The low-
est mass region is harder to access observationally using
LSS measurements since the structure suppressing prop-
erties of the axions only occur on very large scales [15].
In addition, producing an observable relic density with
ma . 10�28 eV would require additional physics: for ex-
ample a large number of axions with nearly degenerate
masses.
Conclusions– In this letter we have demonstrated that

in the case of ultra-light axions one is able to unambigu-
ously infer the energy scale of inflation from their isocur-
vature fraction by using large scale structure constraints
to bound the relic density. In addition, there are regions
of parameter space allowed by current constraints where
both the isocurvature fraction and the tensor-to-scalar
ratio are within observable reach of near future CMB ex-
periments. This predicted concordance of three observ-
ables is a potentially powerful probe of the energy scale
of inflation. In the context of the axiverse, the inferred
value of HI from observed tensor modes would predict
observable axion isocurvature across more than four or-
ders of magnitude in axion mass. We present constraints
to this model in a forthcoming paper [23].
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CMB lensing [a probe of axions]
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We place a flat prior on the amplitude of the isocur-
vature, 0 < ↵ < 0.5. This translates into a prior on the
tensor-to-scalar ration r, and hence the energy scale of
inflation through Eq. 28. [RH to add the priors plot here.]
It was shown in Fig. (2) that current constraints on ↵CDM

imply that some cosmologies in our range may have ap-
preciable tensor modes when the axion mass is small.
We therefore include tensors in our MCMC, with r as a
derived parameter, give by Eq. (28). We therefore also
allow for non-flat isocurvature spectrum. In the WMAP
analysis it was found that, without fine-tuning on axion
parameters one always had negligible tensor modes and
hence negligible tilt in the isocurvature power spectrum,
and so they consistently ignored both parameters when
deriving constraints on ↵CDM. In our model where both
↵ and r can be simultaneously of observable magnitude
they provide a powerful consistency check.

B. Datasets

In order to constrain the allowed regions in axion pa-
rameter space, we make use of complementary datasets.
We use temperature data from the recent Planck data re-
lease [? ? ] as well as the lensing deflection measurement
from Planck [? ]. In addition, we add small-scale data
from the Atacama Cosmology Telescope (ACT) [155]
making use of the three-year data release. We use the
publicly available Planck likelihood.

The data are shown in Figure 6 with some deflection
power spectra for various axion parameters. In addi-

tion to the Planck and ACT data, we use measurements
of galaxy clustering from the Sloan Digital Sky Survey
Luminous Red Galaxy Survey [156]. We consider three
cases, using CMB temperature measurements, and the
deflection power spectrum (CMB), measurements of large
scale structure through the SDSS power spectrum (LSS)
and the combination of the above two cases (All).

C. Sampling

The axiverse cosmology parameter space proved chal-
lenging to sample e�ciently. In particular, the bi-
modality of the ⌦ah2 � ma plane (as can be seen in
Figure 7) contains two regions where the axion density
relative to the total density can be unity. These walls in
the distribution present significant challenges, as chains
starting in either region remain in the highly probable
regions, which are separately by a well-constrained val-
ley for intermediate-mass axions. This “valley” is hard
to traverse, and is therefore less densely sampled. In the
limit of an infinite number of steps, the MCMC ensures
that the chains will probe all regions of the likelihood,
however, given that the computation of the axion spec-
trum within the Boltzmann code takes a finite time, this
is not feasible in general. While individual chains reach
convergence in their specific region of parameter space,
the fact that individual chains sample remote regions of
the posterior leads to an unacceptably low value of the
Gelman-Rubin convergence criterion (since the chains
have a large intra-chain variance). This can be par-

ma ⇠ 10�28 eV



A new isocurvature signature [e.g. TE polarization]
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FIG. 4: CMB axion isocurvature power spectrum, with
adiabatic ⇤CDM for scale (shown by the dashed lines).
We demonstrate the normalisation di↵erence between ↵

CDM

(grey solid line) and ↵
a

, and small-scale power suppression
by the lightest axions, shown in increasing mass: m

a

=
10�32, 10�29, 10�28, 10�20eV. The largest suppression of four
orders of magnitude in power (from the grey solid to darkest
green line) is due to the axion fraction, f

ax

= 0.01. The isocur-
vature spectrum from the lowest axion masses are severely
damped.
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FIG. 5: CMB adiabatic and isocurvature TE polarization
power spectra, varying the isocurvature amplitude from ↵ =
0.01, 0.1, 0.5 for fixed axion mass, with axions making up
nearly all of the DM, f

ax

= 0.9999. The spectra are are a sum
of (1� ↵)Cad

`

+ ↵Ciso

`

, hence adding in isocurvature removes
adiabatic power, as can be seen by comparing the combined
spectra to the adiabatic CDM-only spectrum, shown by the
dashed curve.

VI. METHODOLOGY

The basic cosmological ⇤CDM model consists of 6 pa-
rameters describing a flat universe, namely the universal
baryon density ⌦bh

2, CDM density ⌦ch
2, and ✓A, the

ratio of the sound horizon to the angular diameter dis-
tance at decoupling. In the adiabatic model, we assume
the primordial perturbations to be scalar, adiabatic, and
Gaussian and parametrize them via a spectral tilt ns, and
amplitude �2

R, defined at pivot scale k0 = 0.002 Mpc�1.
We express this basic set of parameters as

{⌦bh
2, ⌦ch

2, ✓A, �2
R, ns, ⌧}. (76)

We assume that the universe transitioned a neutral to an
ionised state over a small redshift range, �z = 0.5; the
optical depth is given as ⌧.

We modify this cosmological framework in two ways.
In the adiabatic case, we include the axion density ⌦ah2

and the axion mass ma In addition, we consider axion
isocurvature perturbations through the ↵, as shown in
Equation (17). Previous studies [154, e.g.] have con-
sidered axions to be part of the CDM and so ⌦ah2 and
⌦ch

2 are not separately constrained. As such there is a
degeneracy between an assumed value of ⌦ah2 and the
constraint inferred on HI from ↵.

A. Priors

The most conservative prior to place on the axion mass
is a Je↵reys prior, which is uniform in logarithmic space,
which we bound as �33 < log10 ma < �17.

In addition we impose a flat prior on the axion energy
density similar to the flat prior imposed on the matter
density, 0.001 < ⌦ah2 < 0.3. Hertzberg, Tegmark and
Wilczek [59] also place an additional prior on the axion
density, by noting that a uniform distribution in mis-
alignment angle results in a prior on the density of

P (⌦ah2) / 1p
⌦ah2

. (77)

We vary both the energy density ⌦ah2 and the axion
mass ma. Eq. (11) relates the axion energy density to
the axion mass and misalignment angle. While the axion
density depends on when the axion itself starts oscillat-
ing, we as note from Eq. (11) that for aosc > aeq, the
energy density doesn’t depend on the axion mass. Hence
the prior on the axion density would most strongly af-
fect models with axion masses who start oscillating be-
fore matter-radiation equality. Solving for the field value
(since we step in mass and density) yields the prior shown
in Figure ??. Since we are considering fixed fa, the prior
on �i translates directly onto a prior on the misalignment
angle ✓. We check for strong dependence on the prior im-
posed in Section VII, where we also discuss fine tuning
and possible trans-Planckian �i.



✴ Tensor mode amplitude set by inflationary energy scale

The axiverse and the scale of inflation

47
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The axiverse and the scale of inflation
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Taking BICEP r=0.2 at face value



✴ Including temperature dependence of QCD mass

The QCD axion and the scale of inflation

49

✴ Only afflicts                     : Axion direct search experiments still 
well motivated, though late PQ transition poses defects 
challenge

✴ Outs: Entropy generation, massive axion during inflation 
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Figure 2: Axion and ALP coupling to photons vs. its mass (adapted from Refs. [2, 3,
26, 27]). Colored regions are: generic prediction for the QCD axion, exploiting Eqs. (7)
and (9), which relate its mass with its coupling to photons (yellow), experimentally ex-
cluded regions (dark green), constraints from astronomical observations (gray) or from
astrophysical or cosmological arguments (blue), and sensitivity of planned experiments
(light green). Shown in red are boundaries where axions and ALPs can account for all the
cold dark matter produced either thermally or non-thermally by the vacuum-realignment
mechanism.

2.3. Hotspots in axion and other WISPs parameter space from theory

The masses and couplings of axions and other WISPs to light standard
model particles appearing in the low energy effective Lagrangians (6), (10),
and (11) can only be predicted in terms of more fundamental parameters if
an ultraviolet completion of the low energy theory is specified. The most
satisfactory ultraviolet completions are arguably the ones which are moti-
vated by other issues in particles physics, such as for example the unification
of fundamental forces, with string theory being perhaps the most ambitious
project.

9



Old power spectrum constraints from Amendola and Barbieri, arXiv:hep-ph/0509257 
1) Grid search 
2) No isocurvature 
3) No marginalization over foregrounds 
4) No lensing, no polarization 
5) No real Boltzmann code [step in power spectrum, or unclustered DE at low m]
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FIG. 2 (color online). Phenomenology in the fma;!a=!dg
plane. The shaded regions lie between the dashed contours and
satisfy f0:01< r < 0:1; 0:01< !CDM < 0:047g, evading current
constraints, while being potentially observable with future data.
These are not exclusions; outside of the contours, either parame-

Old power spectrum constraints from Amendola and Barbieri, rough forecast of what we 
should see

Motivation/anticipated contours



FIG. 2 (color online). Phenomenology in the fma;!a=!dg
plane. The shaded regions lie between the dashed contours and
satisfy f0:01< r < 0:1; 0:01< !CDM < 0:047g, evading current
constraints, while being potentially observable with future data.
These are not exclusions; outside of the contours, either parame-
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FIG. 3: CMB axion isocurvature power spectrum, with adi-
abatic ⇤CDM for scale (black dashed). We demonstrate the
normalisation di↵erence between ↵CDM (grey dot-dash) and
↵a (solid), with ⌦a/⌦d = 0.01 implying a normalisation dif-
ference of (0.01)2 = 10�4. We also show small-scale power
suppression by the lightest axions. The axion masses are
ma = 10�32, 10�29, 10�28, 10�20eV.

versa, thus providing a non-trivial cross-check on the in-
flationary origin of these modes, and thus on HI . Given
that there are sources of observable tensor modes possible
even with low-scale inflation [25] these regions provide a
novel and truly unambiguous way to measure the energy
scale of inflation using the concordance of {↵, r, ⌦a}. Fur-
thermore, an accompanying isocurvature signal would be
strong supporting evidence necessary to infer the axionic
origin of any detected suppression of small scale power.
We will present constraints in a forthcoming paper [23].
Stepping beyond the axiverse paradigm, an isocurvature
detection would be evidence that the additional degree of
freedom responsible for structure suppression is already
present and massless during inflation.

So far we have assumed that constraints to ↵
CDM

will
map over to constraints to ↵a. For adiabatic fluctuations,
the e↵ect of subdominant axions on the CMB observ-
ables is very small. For isocurvature fluctuations, how-
ever, the radically di↵erent super-horizon solutions [23]
of axion isocurvature lead to sharply di↵erent behavior
from the more familiar pure CDM isocurvature. This
mode, as well as the more general suppression of small-
scale structure in ULA models, is carefully implemented
using a modified version of camb [26] and is described in
Ref. [23]. In this case, all other species fall into the grav-
itational potential wells set up by axions, and so axions
drive the behavior of the observables, leading to far more
dramatic e↵ects. We show example spectra in Fig. 3.

Fig. 3 demonstrates that in the isocurvature mode,
CMB power is suppressed on small scales (large `), with

the scale of power suppression becoming larger as the
axion mass decreases, just as in P (k) (c.f. Fig. 1). As
the axion mass increases the axion isocurvature spectra
asymptote to CDM-like behaviour.

The suppression of power will be important for ULAs
in altering the isocurvature constraints. Since the isocur-
vature power spectrum falls o↵ rapidly at large `, most
constraining power on isocurvature comes from the ad-
dition of power along the low-` plateau before the first
peak at ` ⇠ 200. When the isocurvature power is sup-
pressed along this plateau the isocurvature spectrum re-
mains significant only at lower and lower `. Therefore
we should expect that not only will allowed values of
↵a be di↵erent from ↵

CDM

due to normalisation, but
also due to the power suppressing properties of ULAs.
The e↵ect of this is estimated from the reduced num-
ber of modes available to measure isocurvature fraction
and is shown in Fig. 2. Isocurvature becomes harder to
measure and further constrains the observable region for
{↵, r} at the lowest masses, ma . 10�28 eV. The low-
est mass region is harder to access observationally using
LSS measurements since the structure suppressing prop-
erties of the axions only occur on very large scales [15].
In addition, producing an observable relic density with
ma . 10�28 eV would require additional physics: for ex-
ample a large number of axions with nearly degenerate
masses.
Conclusions– In this letter we have demonstrated that

in the case of ultra-light axions one is able to unambigu-
ously infer the energy scale of inflation from their isocur-
vature fraction by using large scale structure constraints
to bound the relic density. In addition, there are regions
of parameter space allowed by current constraints where
both the isocurvature fraction and the tensor-to-scalar
ratio are within observable reach of near future CMB ex-
periments. This predicted concordance of three observ-
ables is a potentially powerful probe of the energy scale
of inflation. In the context of the axiverse, the inferred
value of HI from observed tensor modes would predict
observable axion isocurvature across more than four or-
ders of magnitude in axion mass. We present constraints
to this model in a forthcoming paper [23].
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Loss of low-l modes in 
SW plateau when 
axion mass is low: 
analytic estimate



Preliminary adiabatic results
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Metropolis-Hastings algorithm is not good for multimodal distributions!

Chains get stuck here

Chains get stuck here



We use nested sampling instead

• At end of NS process) set of inactive groups and set of active groups, which
together partition the full set of (inactive and active) sample points generated

• Note: as NS process reaches higher likelihoods, number of active points in any
particular active group may dwindle to zero, but. . . group still considered active
since it remains unsplit at the end of NS run.

• Finally, each active group is promoted to a ‘mode’, resulting in a set of L (say) such
modes {Ml}.

59



We use nested sampling instead

TOY PROBLEM: MULTIPLE GAUSSIAN LIKELIHOOD

• Likelihood = five 2-D Gaussians of varying widths and amplitudes; prior = uniform

• Analytic evidence integral logE = �5.27

• MULTINEST: logE = �5.33± 0.11, N
like

⇡ 10

4

• Thermodynamic integration (+ error): logE = �5.24± 0.12, N
like

⇡ 4⇥ 10

6

• Typical of real applications (see later): ⇠ 500⇥ efficiency of standard MCMC
25

From Hobson 2012
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with D. Hanson, G. Holder, O. Doré, and M. Kamionkowski

arXiv: 1107.1716- Phys. Rev. Lett. 107 261301	


    arXiv: 1107.5047- Phys. Rev. D. 84 123003	



    arXiv: 1306.4319- Phys. Rev. D.89 023006

Variation in the cosmic baryon fraction 
 and the CMB



BARYON-DM ISOCURVATURE
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✴ “Nuisance” mode identified (Lewis 2002)

✴ Subdominant fluctuations: Adiabatic modes dominate, but do the 
relative number densities of DM and baryons fluctuate?

Compensated Isocurvature Perturbation (CIP)Compensated Isocurvature Perturbation (CIP)

Compensated Isocurvature Perturbation (CIP)

Baryon-dark matter entropy



✴ Vanishing Sachs-Wolfe effect from CIPs

Vanishes for all 
isocurvature modes

Also Vanishes for 
compensated modes

CIPS AND THE CMB
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✴ Observationally null in the CMB! (surprising but true)

CIPS AND THE SACHS-WOLFE EFFECT



CIPS AND ACOUSTIC WAVES

60

✴ Run your favorite Boltzmann code (CAMB/CMBFAST) with a CIP	


✴Fractional change in anisotropies of less than 0.00001 for angular scales 
l<10000	



Definition
Baryon conservation

Gravity, pressure, Thomson scattering

DM conservation

Gravity

✴Why?	

✴For CIPs, CMB is only affected on scales where baryonic 
pressure matters	



There seems to be no affect on the CMB!

No way to observationally disentangle (using CMB) 
CDM and baryon isocurvature models!



✴If heavy CDM produced before curvaton domination  	



✴  Direct branching from inflaton     	



✴  Gravitational particle production during inflation         	



!

    WIMPzilla (Kolb et al. 1998)	



!

!
✴Curvatons dominate, decay to baryons  (Lyth et al. 2002)

EXISTING MODELS FOR CIPS
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✴ Curvaton sources entropy fluctuation in CDM

EXISTING MODELS FOR CIPS
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✴  After curvaton dominates, adiabatic flucts generated



EXISTING CONSTRAINTS TO CIPS- BBN

63

✴ Primordial abundances of                                   : Blue compact galaxies 
(He) and QSO Absorption systems (De)

from Holder et al. 2009 
(from Allen 2008)- 42 ‘relaxed’ galaxy clusters

!

!

✴ Baryon fraction measurements in galaxy clusters

Fluctuations as high as 8% are allowed by the data

Can we empirically show, rather than simply assume, 	


that baryon trace DM in the early universe?



CIPS AND 21-CM FLUCTUATIONS

64

Gordon and Pritchard, 2009
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✴ Patchy Screening: (Smith/Dvorkin 2008/2009)

Angular dependence of modulates

✴ Patchy scattering

COMPENSATED ISOCURVATURE AND THE CMB: 
PATCHY REIONIZATION

65



✴ 90% of CMB photons last scatter at decoupling (z~1100)	


✴ CIPs are primordial: induced anisotropies at z~1100 >> 

reionization terms	


✴ Prior work neglected effects at z~1100

COMPENSATED ISOCURVATURE AND THE CMB: 
z~1100 EFFECTS

66

 Vastly exceeds reionization signal!!!
Second order!



COMPENSATED ISOCURVATURE AND THE CMB: 
z~1100 EFFECTS
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ldamp � 1000
λD≈N1/2λC

N=η/λC

✴ Damping scale modulated by CIPs

COMPENSATED ISOCURVATURE AND THE CMB: 
z~1100 EFFECTS
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✴Funnels E modes  to  B modes

COMPENSATED ISOCURVATURE AND THE CMB: 
PATCHY REIONIZATION B-MODES

69



COMPENSATED ISOCURVATURE AND THE CMB: 
RECOVERING THE REALIZATION

70

✴ Power spec. results were true, averaging over realizations of 
primordial       

I

Q

U

✴ In single realization of CIP spec.,  a long wavelength CIP w/ amp                    
affafafmodulates the power spectrum across the sky 

✴Heuristically: 
1. Tile all-sky map with patches 
2. Measure power spec in each patch 
3. Reconstruct �(n̂)
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Filtering the map
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✴ Reconstruct CIP map



Filtering the map

72in collaboration with Duncan Hanson



Possible sources of bias
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Noise bias

Point sources

Lensing

Secondary CIP

Scale invariant signal

All secondary biases can be neglected for WMAP-9 analysis



Reconstructed power spectrum from WMAP 9-year data
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No evidence for CIPs! Cosmic baryon fraction is homogeneous
    arXiv: 1306.4319 (DG, DH, GH, OD, and MK)- Phys. Rev. D published 



Upper limit to CIP spectrum at a variety of scales

75
Cosmic baryon fraction is homogeneous at 10-20% level at 5-100˚ scales



✴ Combine scales to probe models 

✴ Scale-invariant CIP spectrum 

✴ Monte Carlo null hypothesis

✴ Observations consistent with 
null hypothesis

Limit to amplitude of scale-invariant spectrum
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CL =
A

L(L+ 1)

✴ Proof of technique 

✴ First purely primordial test 

✴ Great improvement with 
coming experiments

A . 1.1⇥ 10�2



COMPENSATED ISOCURVATURE AND THE CMB: 
PROSPECTS

77

Parameter space 
accessible with CMB

Excluded by galaxy 
cluster measurements 

of baryon fraction

Two orders of magnitude improvement: conservatively

Forecasts need to be revised: sample variance from 
primordial B-modes! 



✴ All perturbations                              seeded by curvaton 

✴ CIPs are correlated with adiabatic flucts 

!

!

✴ Non-vanishing 3 pt-functions in specific curvaton implementation

78

FUTURE WORK: CORRELATED CIPs AND THE CURVATON MODEL 

3⇣ . � . 18⇣



✴ Forecast and analysis underway (KICP collabs): Chen He, Wayne 
Hu, Duncan Hanson

✴ Free parameter: Strength of cross-correlation A 

!

!

✴ `Maps’ already exist

79

FUTURE WORK: CORRELATED CIPs AND THE CURVATON MODEL 
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FORECAST: CORRELATED CIPs AND THE CURVATON MODEL 
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Figure 3: �
A
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for low A (A=0.01) for Planck in the crude and refined
cases (for combined detectors).
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matrix (cross) and the blue solid line is using only the �� component (auto).
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Cl,u.l.
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✴ Primordial, baryons trace DM at ~10-20% level 

✴ A new test of curvaton models is at hand 

✴ Degeneracy between baryon and CDM isocurvature can be 
broken with CMB data 

✴ In progress: Correlated case, effect on galaxies, small scale 
CIPs 

✴ Future work:  (use SPT/Planck polarization+ T data)
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CONCLUSIONS 



VELOCITY ISOCURVATURE MODES
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Example:

Momentum density also gravitates!



RESULTS DEPEND ON POWER SPECTRUM OF ISOCURVATURE MODES
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8 Chluba and Grin
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Figure 3. E↵ective heating rate, d(Qac/⇢�)/ dz, for di↵erent pure perturbation modes. We multiplied by (1+z) and set the overall amplitude of the perturbation
power spectrum to unity, i.e. Ai = 1. We also used ni,run = 0 in all cases. For the upper panel, we used spectral index ni = 1 while in the lower we
varied it for the CDM isocurvature modes as labeled. The annotated factors are roughly fcb ' (⌦c/⌦b)2, fc ' (3/8)(⌦c/⌦m)2(keq/k0)2[1 � (4R⌫/15)2]2,
f⌫ ' 25(1 + 3R⌫/5)2/[4(R⌫/R�)2(1 + 4R⌫/15)2] and fd ' 27(1 + 3R⌫/5)2/[4(1 + 6R⌫/5)2]. These illustrate the relative heating e�ciencies for di↵erent
perturbation modes with the same overall amplitude. The results were obtained by direct integration of the perturbation equations using CosmoTherm.

whereP⇤i (k) ⌘ Ai (k/k0)n⇤i �1+ 1
2 ni,run ln(k/k0). We confirmed numerically

that at redshifts z & 104 these approximations work pretty well,
giving ' 10% � 15% precision for the e↵ective heating rate. Here,
" = 2D2 ' const defines a mode dependent heating e�ciency.
This implies that the early SDs produced by the di↵erent modes
considered here are all degenerate with an overall normalization
when comparing AD, NDI and NVI for n⇤i = ni on one hand, with
BI and CI modes for n⇤i = ni � 2 on the other. The di↵erences
derive from how much of the initial perturbations in the di↵erent
fluid variables at small scales actually appear as perturbations in
the photon field.

Comparing the heating e�ciencies, Eq. (21), shows that AD
modes dissipate their energy roughly 16 times more e�ciently than

NDI fluctuations. Similarly, NVI modes have ' 4.7 times higher
heating e�ciency than NDI modes. Furthermore, BI modes source
early SDs at about (⌦c/⌦b)2 ' 24 lower e�ciency than CI modes,
while in comparisons to AD modes CI fluctuations for n⇤i = ni � 2
cause ' 5.6 times larger heating. All these statements are confirmed
by our numerical results (cf. Fig. 3).

Closer to the recombination epoch baryon loading no longer
is negligible and we see a suppression of the heating rate relative to
the high-redshift scaling (cf. Fig. 3). After the recombination epoch
(z . 1000), the e↵ective heating rates drop significantly as photons
begin free streaming. At this late stage, the second-order Doppler
e↵ect starts contributing significantly (Chluba et al. 2012b). For the
baryon and CDM isocurvature modes, the post-recombination heat-

c� 0000 RAS, MNRAS 000, 000–000



Getting under the hood: The need for numerical care
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Getting under the hood: The need for correct (super-horizon) initial conditions

85

ḣ / ⌘


3�R
a2

+ 3a2A�a

�
Synchronous gauge 00-Einstein

Perrotta and Baccigalupi, astro-ph/9811156 �̇� ' � ḣ

2

NOT KOSHER!

d

~

U~k

d lnx
= (A0 +A1x+ . . . Anx

n) ~U~k

Solve Eigensystem and expand systematically

Bucher, Moodley, and Turok, PRD62, 083508, sol’ns can be obtained using this 
technique, outlined in Doran et al. , astro-ph/0304212



✴ Solutions: non-Gaussianity? (Lyth, Ungarelli, Wands 2008)	


✴In curvaton models, 	


✴Non-linearity in σ induces local type non-Gaussianity	


!

!

PREVIOUSLY KNOWN CONSTRAINTS/PROBES

86

✴Not a unique probe of CIPs: true for curvaton model in general	



✴Would fail to detect a non-curvaton CIP!

Very challenging to detect!



COMPENSATED ISOCURVATURE AND THE CMB: 
z~1100 EFFECTS
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✴ Efficiency of polarization generation is modulated

From Wayne Hu’s website

Isotropic radiation Quadrupole moment

✴ a



✴ ....and that from r=0.1 tensor modes for l>300.

COMPENSATED ISOCURVATURE AND THE CMB: 
OTHER EFFECTS

88

(μK2)

Can’t fake BICEPs! 
Need to exercise 
harder!



✴ ... but at power spectrum level for l>100, all are swamped by lensing!

COMPENSATED ISOCURVATURE AND THE CMB: 
CIPS VS LENSING

89

✴ ...fortunately, there is life beyond the power spectrum!

(μK2)



Signal: reconstruction of CIP amplitudeResponse power spectra

Usual term Anisotropic generalization of ClGeometric function of multipoles

✴ Realization of CIPs breaks usual statistical isotropy       

90

COMPENSATED ISOCURVATURE AND THE CMB: 
RECOVERING THE REALIZATION



Spherical geometry

Estimating CIP power spectrum from data

91

✴ Universe gives us CIP amplitudes as random variables: 
nonlinear modulation of linear theory CMB 
Non-Gaussianity at 4-pt function (trispectrum) level
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✴ CIP power spectrum estimate from Monte Carlos and filtered CMB map



!

✴ Estimator will thus detect ‘fake CIP’ due to lensing

!

✴ Our estimator is unbiased under assumption that 
lensing is only contributor to off-diagonal correlations
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LENSING BIAS



Errors are strongly signal-dependent
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✴ CIPs would change baryon fraction of halos: affect 
properties of galaxies in different patches of sky 
(detectable in SDSS? vs. astrophysical confusion) 

✴ Baryonic part of halo collapses late 

✴ CIPs would change transfer function for LSS power 
spectrum, induce couplings between scales

CIPS AND GALAXIES (IN REALITY)
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Pgal = b2T 2
matter (k)P� (k)

Might be detectably modulated by CIPs

FUTURE WORK



Possible sources of bias
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✴Weak lensing of CMB 	


➡Trispectrum (statistical)	


➡Off-diagonal correlations (in a realization of lensing potential)

✴Unresolved point sources  	


➡Bispectrum detected in Planck 2013 temp data

✴Secondary CIP/lensing contractions 	



✴Chance correlations (noise bias)


